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Dr. Shannon Yee and his research lab, Dr. Sampath Kommandur, Aravindh Rajan and
Patrick Creamer. I also thank my group and office-mates Dr. Juan Manuel and Kartik
Kothari for amazing discussions we had and ideas that we produced these past years. Geor-
gia Tech has really been a cracking place to work because of all of you!
I am grateful to the Defense Advanced Research Projects Agency (DARPA), Defense
Sciences Office (DSO), and the Army Research Office (ARO) for their financial support of
my PhD.
I would like to recognize my mentors at IIT Roorkee, Dr. Shashi and Dr. Surendra
Kumar who instilled in me a passion for research. Dr. Shashi was an inspiration for me and
will always be dearly missed.
iv
My biggest supporters, my Mom and Dad, thank you for all the things that you have
done for me and selflessly supporting me in all my decisions. My brother Dr. Suhail
Malhotra for being the best partner in crime. We have always made each other a little
better and a little stronger, one day at a time. I am also ever grateful to my sister-in-law
Dr. Parminder for her infectious optimism in everything that she does, to Rishi Sidhu for
the numerous discussions we continue to share that always make my days brighter, to my
uncle Dr. Satpal Ahuja who continues to be a role model to pursue excellence, quietly
and honestly, and to all my friends I made in Atlanta, in particular Mayank, Kong and
Anshuman, for being a part of special moments that shaped my last five years.
Finally, the one person who has accompanied me on nearly every step of this journey,
Akanksha. She has been my best friend a long time before I decided to come to Georgia
Tech. From the decision to come to Atlanta together, to listening to multiple iterations of
almost every presentation, she has selflessly been there every step of the way. It was her
positive outlook and unending support that propelled me onwards. Thank you for giving
meaning to everything that I do.
v
TABLE OF CONTENTS
Acknowledgments . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . iv
List of Tables . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . x
List of Figures . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xi
List of Symbols . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . xix
Chapter 1: Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.1 Heat and Nanotechnology . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Nanoscale Thermal Conduction and Phonons . . . . . . . . . . . . . . . . 2
1.3 The Phonon Boltzmann Transport Equation . . . . . . . . . . . . . . . . . 4
1.4 Outline of the Thesis . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 6
Chapter 2: Thermal Transport in Nanowires and Thin-Films . . . . . . . . . . . 8
2.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 8
2.2 Calculating Mean-Free-Paths in Nanowires and Thin-Films . . . . . . . . . 9
2.3 Determining Specularity Parameter: Role of Surface and Phonon Properties 12
2.3.1 Beckmann-Kirchhoff Surface Scattering Theory . . . . . . . . . . . 13
2.3.2 Surface Shadowing Correction . . . . . . . . . . . . . . . . . . . . 16
2.4 Predictions of Thermal Conductivity . . . . . . . . . . . . . . . . . . . . . 18
vi
2.4.1 Nanowires . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 18
2.4.2 Thin-Films . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21
2.5 Predictions of Thermal Spectra . . . . . . . . . . . . . . . . . . . . . . . . 25
2.5.1 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.5.2 Bulk Si Spectra . . . . . . . . . . . . . . . . . . . . . . . . . . . . 26
2.5.3 Nanowires . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 28
2.5.4 Thin-Films . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 31
2.6 Estimating the Importance of Phonon Confinement . . . . . . . . . . . . . 35
2.7 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
Chapter 3: Evolution of Thermal Flux in Asymmetric Thin-Films . . . . . . . . 40
3.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 40
3.2 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.2.1 System Description . . . . . . . . . . . . . . . . . . . . . . . . . . 41
3.2.2 Reduced Mean-Free-Path Approach . . . . . . . . . . . . . . . . . 42
3.2.3 Non-equilibrium Population Distribution Approach . . . . . . . . . 44
3.2.4 Equivalence of Approaches . . . . . . . . . . . . . . . . . . . . . . 45
3.2.5 Note on Surface Specularity . . . . . . . . . . . . . . . . . . . . . 46
3.3 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 47
3.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
Chapter 4: Thermal Transport in Nanotubes . . . . . . . . . . . . . . . . . . . . 54
4.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 54
4.2 Model . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 55
vii
4.3 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 57
4.3.1 Role of Shell Thickness . . . . . . . . . . . . . . . . . . . . . . . . 57
4.3.2 Predictions of Thermal Spectra . . . . . . . . . . . . . . . . . . . . 59
4.3.3 Role of Different Inner and Outer Surface Conditions . . . . . . . . 61
4.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 63
Chapter 5: Phonon Coupling in Semiconductor Bi-layers and Tri-layers . . . . . 65
5.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 65
5.2 Method . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 67
5.3 Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . . . 70
5.3.1 Enhancement of Ge Layer Conductivity . . . . . . . . . . . . . . . 71
5.3.2 Reduction in Si Layer Conductivity . . . . . . . . . . . . . . . . . 76
5.3.3 Si-Ge Bi-layers . . . . . . . . . . . . . . . . . . . . . . . . . . . . 78
5.3.4 Films-on-substrate . . . . . . . . . . . . . . . . . . . . . . . . . . 80
5.4 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 86
Chapter 6: Cross-Plane Thermal Transport in Superlattices . . . . . . . . . . . 88
6.1 Introduction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 88
6.2 Literature Overview of Si/Ge Superlattices . . . . . . . . . . . . . . . . . . 90
6.3 Methodology . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 92
6.4 Key Results and Discussion . . . . . . . . . . . . . . . . . . . . . . . . . . 93
6.5 Summary . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 105
Chapter 7: Conclusions . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
viii
7.1 Impact of Dissertation . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 106
7.2 Possible Directions for Future Work . . . . . . . . . . . . . . . . . . . . . 110
7.2.1 Exploring the Limits of Phonon Injection Mechanism . . . . . . . . 110
7.2.2 Guided Experiments for Validating Thermal Conductivity Enhance-
ment Predictions . . . . . . . . . . . . . . . . . . . . . . . . . . . 110
7.2.3 Coherent Phonons and their Impact on Thermal Transport . . . . . 111
Appendix A: Comparison of Acoustic Phonon Relaxation Rates in Silicon . . . 114
Appendix B: Numerical Calculations of Shadowing Function . . . . . . . . . . . 116
References . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 128
ix
LIST OF TABLES
3.1 Test cases to examine the equivalence between reduced mean-free-path ap-
proach and deviation of population from equilibrium approach. . . . . . . . 45
x
LIST OF FIGURES
2.1 Schematic showing the in-plane phonon transport in a thin-film of thickness
t. The temperature gradient is applied along the x-direction. Phonons with
wavevector k originate at a random location O and reach the boundary at
an angle θ with the surface normal. A fraction p of phonons are reflected
specularly while the rest 1 − p scatter diffusively at every interaction with
the boundary, leading to a reduction in their mean-free-paths `k in the thin
film as compared to the bulk value `bulkk . . . . . . . . . . . . . . . . . . . . 10
2.2 Schematic representation of phonon-surface interaction. (a) Incident Ψ1
and scattered Ψ2 phonon fields with angle of incidence θ and scattered angle
ϕ from a rough surface z = ζ(r), where r is the position vector and k1 and
k2 are the corresponding wavevectors. (b) Surface shadowing. Phonons
are incident with wavevector k at angle of incidence θ measured clockwise
from the z axis. Shadows are cast along the −x direction reducing the
surface area available for scattering. . . . . . . . . . . . . . . . . . . . . . 13
2.3 Schematic representation of role of roughness showing the transition from
specular reflection to diffuse scattering. Left: Perfectly smooth surface
showing perfect reflection. Centre: Rough surface with partially specu-
lar/partially diffuse scattering. Right: Very rough surface exhibiting com-
plete diffuse scattering. . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
2.4 Current state of room temperature thermal conductivity engineering of nanowires.
Thermal conductivity measurements by Li et al. [30] on VLS nanowires
and Hochbaum et al. [32] on electroless etched nanowires form an enve-
lope around all other measurements, indicative of an experimental bound on
thermal conductivity. Reprinted from “Phononic Pathways towards Ratio-
nal Design of Nanowire Heat Conduction” (2019), Nanotechnology, Mal-
hotra, A. and Maldovan, M. c© IOP Publishing. Reproduced with permission. 20
xi
2.5 Calculations from our model for (a) Unetched Si nanowires, (b) Unetched
and etched Si nanowires and (c) SiGe nanowires for different diameters d.
Comparison of the thermal conductivity as a function of temperature from
our model shows agreement with experimental measurements (symbols)
[30, 33, 34, 48, 55]. (d,e) Theoretical predictions using our approach (BK
method with shadowing) for nanowires of different diameters at room tem-
perature with different surface characteristics (roughness and correlation
length) for pure Si and SiGe alloys, respectively. . . . . . . . . . . . . . . . 22
2.6 Thermal conductivity predictions and comparison with experimental mea-
surements [27, 28, 56–62]. (a) Thermal conductivity as a function of tem-
perature for Si and SiGe thin films of different thicknesses. Predicted ther-
mal conductivity of (b) Si and (c) Si0.80Ge0.20 thin films as a function of
thickness for different surface conditions. (d) Thermal conductivity as a
function of surface roughness for Si and Si0.90Ge0.10 thin-films of thickness
500 nm (black squares), 100 nm (red-circles) and 20 nm(blue-triangles) at
room temperature. The correlation length is L = 10η. Arrows indicate the
onset of complete diffuse scattering. . . . . . . . . . . . . . . . . . . . . . 24
2.7 (a) Comparisons between mean-free-path heat spectrum (normalized cu-
mulative conductivity) for bulk Si from our calculations, first principle
approaches [19], and reconstruction from experiments [56, 67, 68]. (b)
Calculated wavelength heat spectrum for bulk Si and SiGe alloy, and (c)
Calculated mean-free-path heat spectrum for Si0.90Ge0.10 nanowire and the
reconstructed spectrum using Ziman’s formula for η = 0.1 nm [68]. . . . . . 27
2.8 Numerical prediction for heat spectra of silicon nanowires at room tem-
perature. (a) Wavelength spectrum and (b) Mean-free-path spectrum for
diameter d = 100 nm. Inset shows the calculations for d = 30 nm. Heat
spectra are plotted for different roughness η and correlations lengths L.
Bulk silicon spectrum is also shown as reference. . . . . . . . . . . . . . . 29
2.9 Wavelength heat spectra for Si0.90Ge0.10 alloy nanowires at room tempera-
ture for (a) d = 100 nm (and inset for d = 30 nm). (b) Mean-free-path heat
spectrum for nanowire diameters d = 100 nm and 30 nm. . . . . . . . . . . 32
2.10 Numerical predictions for the thermal conductivity accumulation functions
for Si and SiGe thin films at room temperature. (a) Wavelength spectrum
and (b) Mean-free-path spectrum for thickness t = 100 nm. Insets, show
the corresponding calculations for t = 30 nm. Accumulation functions are
plotted for different roughness η and correlations lengths L. Accumulation
functions for Si0.90Ge0.10 alloyed thin films are also calculated as a function
of phonon (c) Wavelength and (d) Mean-free-paths. Black solid lines show
the bulk thermal conductivity accumulation as reference. . . . . . . . . . . 33
xii
2.11 Dependence of the accumulation functions on temperature (450 K in red
lines and 150 K in blue lines) for Si thin film (Si0.90Ge0.10, insets) of thick-
ness t = 100nm and rough (η = 1.5 nm, L = 3η filled symbols) and smooth
(η = 0.5 nm, L = 10η, open symbols) boundaries. The accumulation func-
tion is presented across phonon (a) wavelengths and (b) mean-free-paths. . . 34
2.12 Thermal conductivity accumulation (or heat spectra) modification in Si0.90Ge0.10
thin-films at room temperature by varying surface properties and thick-
nesses. Bulk Si and Si0.90Ge0.10 accumulation functions are presented as
reference. The proportion of heat carried by phonons with wavelengths λ =
1–10 nm can be made to vary from 30% to 90% by tuning phonon scattering. 36
2.13 Confinement Contribution Functions (CCF) calculated at room temperature
and T = 20 K for thin films with correlation lengths L = 10η and rough-
ness (a) η = 0.25 nm (b) η = 0.5 nm. CCFmin (solid line) is the minimum
contribution of confined modes to conductivity due to mode conversion in
spatially confined nanostructures, while CCFmax (dashed line) gives an up-
per threshold to this contribution. Double arrows are used as guide to the
eyes. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 38
3.1 Top: Schematic representation of phonon transport in thin films where
phonons originating at point O inside a thin film of thickness t move un-
der a thermal gradient ∇T along the in-plane direction. In the figure, the
wavevector k leads the phonon toward the upper surface possessing surface
specularity pU and upon scattering is directed toward the lower surface pos-
sessing surface specularity pL. Bottom: Schematic representation of heat
flux spatial distribution within thin films depending on the surface condi-
tions (smooth or rough) of the boundaries. . . . . . . . . . . . . . . . . . . 42
3.2 Comparison between averaged thermal conductivity obtained from reduced
mean-free-path model (x-axis) and deviation function via a semi-analytical
BTE solution (y-axis), showing the equivalence of the two approaches . . . 46
3.3 Comparison of normalized heat flux in a 100nm Si thin film with fully dif-
fusive upper and lower surfaces calculated by the reduced mean-free-path
model (this work), Monte Carlo simulations [79], and variance-reduced
Monte Carlo calculation [80]. A maximum flux value is used for normal-
ization. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 48
xiii
3.4 Thermal flux profiles in Si thin films under a temperature gradient of 1K µm−1
are shown as a function of temperature (T = 100, 300, and 700 K) and thick-
nesses (t = 10 nm, 100 nm, and 1 µm). Moving left to right, the thickness
increases (upper panels) and the temperature decreases (lower panels). The
central panel (b) shows the flux profiles at T = 300 K and thickness t =
100 nm. The surface roughness of the upper boundary is η = 4 nm and
the roughness of the lower boundary is varied as η = 4 nm (blue), 0.5 nm
(green), and 0.25 nm (red lines). The correlation length L is 10 times the
roughness at both the surfaces. . . . . . . . . . . . . . . . . . . . . . . . . 51
3.5 (a) Normalized thermal flux profiles in an Si thin film with varying surface
conditions (limiting cases p = 0 and p = 1) are shown for a film thickness
of t = 100 nm at room temperature. (b) Nearly ideal plug flow profile
development in very thick films where variations in thermal flux spatial
distribution is constrained around the boundaries. . . . . . . . . . . . . . . 52
4.1 Schematic representations of NT (red) and NW (blue) phonons within a
nanotube. (a) NT phonons interact with both inner and outer surfaces while
NW phonons interact only with the outer surface. (b) Cross-sectional view
of the nanotube with the projections of the phonon trajectories. . . . . . . . 55
4.2 Thermal conductivity of nanotubes at room temperature as a function of
shell thickness ts for (a) crystalline silicon, (b) silicon nanotubes with 10%
alloyed germanium, and (c) silicon nanotubes with 5% alloyed germanium.
The outer diameter do is 100 nm and the inner and outer boundaries are
assumed to have identical surface properties η. . . . . . . . . . . . . . . . . 58
4.3 Frequency heat-spectra (or normalized thermal conductivity accumulation
functions) for (a) bulk Si (gray line), 100 nm diameter Si nanowires (black),
and Si nanotubes of outer diameter 100 nm and shell thickness 10 nm (red)
at room temperature. The effect of alloying is shown in (b) where the spec-
tra for bulk Si0.90Ge0.10 is shown in gray and for an alloyed nanotube in
blue. Si nanotubes are shown for reference in red as in (a). The solid and
dotted lines represent surface roughnesses of η = 0.1 and η = 1.0 nm. . . . . 59
4.4 Mean-free-path heat spectra for (a) Si nanotubes (red) and nanowires (black)
and (b) Si (red) and Si0.90Ge0.10 nanotubes (blue) at T = 300 K. Solid and
dotted lines represent surface roughnesses of η = 0.1 nm and η = 1.0 nm,
respectively. Bulk heat spectra are shown in gray. . . . . . . . . . . . . . . 59
4.5 Thermal conductivity of Si nanotubes as a function of both inner and outer
surface roughness ηin and ηout with (a) shell thickness ts = 4 nm and (b)
shell thickness ts = 40 nm. Both nanotubes have outer diameter do = 100 nm. 61
xiv
4.6 The thermal conductivity for (a) Si nanotubes and (b) Si0.90Ge0.10 nan-
otubes as a function of outer diameter with varying surface roughnesses.
Black and blue lines correspond to thicker shell (ts = 40 nm) nanotube
while wine and red lines correspond to thinner shell nanotube (ts = 4 nm). . 62
5.1 (a) A tri-layer architecture (A-B-A) made of an embedded B layer with
thickness t2 and cladding A layers with thicknesses t1. The roughness
of the inner surface between embedded and cladding layers is ηin and the
roughness of the cladding-air outer interface is ηout. Arrows illustrate the
phonon injection mechanism, wherein phonons from the cladding layers A
couple across the inner interface to net replace phonons in the embedded
layer B. As a result of phonon coupling, the thermal conductivity κB of the
embedded layer can be enhanced or reduced from the free-standing thin-
film value κB-free as shown in (b). Note that the arrow colors are illustrative,
and phonons in each layer have the dispersion and relaxation rates of the
corresponding layer material (i.e., after coupling, phonons do not keep the
properties of the layer in which they originated). . . . . . . . . . . . . . . . 67
5.2 Tri-layer superlattice nanostructure in (a). Schematic for a free-standing
germanium thin film (yellow) in (b). By embedding the germanium thin
film between silicon layers (orange) the thermal conductivity of the ger-
manium film can be increased. The temperature gradient is applied to the
whole structure in the x-direction. . . . . . . . . . . . . . . . . . . . . . . 71
5.3 Increased thermal conductivity. (a) Colored areas show the enhancement
in the thermal conductivity of a germanium thin film as a function of in-
creasing thickness of the silicon cladding layer. The top and bottom lines
correspond to silicon-air surface specularities p = 1 and p = 0, respectively,
covering all possibilities in terms of surface roughness. The germanium-
silicon interface has roughness η = 0.1 nm and correlation length L = 20η.
(b) Enhanced thermal conductivity of an embedded germanium film (solid
lines) with respect to a free-standing germanium thin film (dotted lines)
having the same physical properties. The germanium-silicon interface has
η = 0.1 nm, L = 20η while the silicon-air surface specularity is equal to
one. The temperature gradient is in the plane of the films. . . . . . . . . . . 73
5.4 Enhanced heat conduction. Thermal conductivity increase for the embed-
ded germanium film as a function of the silicon-germanium interface rough-
ness. The germanium thin film thickness is (a) tGe = 10 nm and (b) tGe = 100
nm. Color lines correspond to different thicknesses of the silicon layers, in-
creasing from no silicon layer to bulk silicon (indicated by red arrow). The
enhancement in the thermal conductivity of the embedded germanium film,
with respect to the free-standing germanium thin film with same properties,
is observed for various surface roughnesses and silicon layer thicknesses. . . 74
xv
5.5 Phonon Injection. (a) Schematic for phonon contributions to the thermal
conductivity of a germanium thin film under a temperature gradient along
the x-direction. The thermal flux at point O is carried by phonons whose
last collision was, on the average, at a distance of mean free path `TF away
from O, as represented by the black circular line. For simplicity we neglect
the angular dependence of `TF. (b) When the germanium film is in contact
with the silicon film, phonons from silicon can be injected into germanium
(blue). These phonons had their last collision at a larger distance than those
arriving from germanium. As a result, the effective mean free path `EFF is
larger (red) and the thermal conductivity at point O is enhanced. . . . . . . 75
5.6 Thermal conductivity of a cladding Si layer in a Si-Ge-Si architecture for
different embedded layer thicknesses tGe of (a) 10 nm, (b) 100 nm, and
(c) 1000 nm. The inner roughness ηin is 0.1 nm. The plots show the de-
pendence of the thermal conductivity κSi on cladding layer thickness tSi
and outer Si-air interface conditions. The corresponding Si free-standing
thin-film conductivity κSi-free is shown for reference with dotted lines. . . . . 77
5.7 Thermal conductivity of embedded Si layer κSi in a Si-Ge-Si architecture
with inner roughness ηin = 0.4 nm as a function of cladding layer thickness
tSi. The thickness of the embedded layer tGe is increased from (a) 10 nm,
(b) 100 nm to (c) 1 µm, and four outer surface conditions are considered –
specular, ηout = 0.1 nm, ηout = 0.4 nm, and diffuse. . . . . . . . . . . . . . . 79
5.8 Thermal conductivity of layers of silicon κSi (solid blue square) and germa-
nium κGe (solid red circle) in bi-layer structures with different silicon and
germanium layer thicknesses: [(a), (d)] tSi= tGe= 10 nm, [(b), (e)] tSi= 100
nm, tGe = 10 nm, and [(c), (f)] tSi = tGe = 100 nm. Top panels correspond
to inner roughness ηin = 0.1 nm and bottom panels to ηin = 0.4 nm. Four
different outer surface conditions are shown on the x-axis in each panel –
specular, ηSi-air = ηGe-air = 0.1 nm, ηSi-air = ηGe-air = 0.4 nm, and diffuse. Open
symbols represent the corresponding free-standing thin-film conductivity
κSi-free (blue) and κGe-free (red). . . . . . . . . . . . . . . . . . . . . . . . . 81
5.9 Schematic of a film-on-substrate (FOS) architecture where the film is shown
in orange and the substrate in yellow. Arrows represent phonons originat-
ing at the film and the substrate and contributing to film phonon transport
after reflection and transmission (inter-layer coupling). . . . . . . . . . . . 82
5.10 Thermal conductivity of an Al0.10Ga0.90As thin film grown on GaAs sub-
strate in FOS architecture (orange lines) and an isolated free-standing Al0.10Ga0.90As
thin film (blue lines) for different interfacial roughnesses at temperatures (a)
T = 100 K and (b) T = 300 K. The vertical arrow denotes the direction of
increasing roughness. Blue horizontal line corresponds to the bulk thermal
conductivity of Al0.10Ga0.90As. . . . . . . . . . . . . . . . . . . . . . . . . 83
xvi
5.11 Thermal conductivity of a Ge thin film grown on Si substrate in FOS archi-
tecture and an isolated free-standing Ge thin film depicted by orange and
blue lines respectively for different interfacial roughnesses at temperatures
(a) T = 100 K and (b) T = 300 K. Blue horizontal line corresponds to bulk
thermal conductivity of Ge. . . . . . . . . . . . . . . . . . . . . . . . . . . 85
6.1 Schematic showing key multiple length scales that control thermal conduc-
tion in superlattice structures. Thermal phonons scatter at rough interfaces
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SUMMARY
Advances in nanotechnology have opened doors for a rational design of semiconductor
materials with engineered thermal properties. This ability to control nanoscale thermal
transport properties is key for advancing multiple technologies including thermoelectrics
which have immense potential as power generators as well as for waste-heat recovery,
optoelectronics such as quantum cascade lasers which are used in applications from long-
range communication to medical surgery, and the ubiquitous microelectronic transistors
which power our laptops and phones. Thus, a fundamental understanding of the conduction
of heat in semiconductor nanostructures is foundational for accelerating human progress.
The conduction of heat in solid state semiconductors is controlled by the thermal vi-
brations that originate on the application of a thermal gradient. These thermal vibrations,
or phonons, are the carriers of heat whose transport properties can be controlled via their
interactions with surfaces in the nanostructure. Thus, the flow of heat can be modulated
by designing the nanostructure and engineering the phonon-surface interaction. Predicting
the flow of heat at nanometer length scales by modeling the interaction of phonons with
surfaces in a nanostructure in order to understand thermal conduction in semiconductor
nanostructures is the central objective of this thesis.
To achieve this objective, we first create a predictive model for nanoscale thermal trans-
port for nanowires and thin-films in Chapter 2. The created model incorporates experimen-
tally quantifiable descriptors, such as surface roughness and correlation length, in order to
evaluate the role of phonon reflection from surfaces on thermal transport. We extend the
predictive model in Chapter 3 to a generic case where both the surfaces of the thin-film are
distinct, a situation that arises in experimental growth of free-standing thin-films, and show
the spatial evolution of thermal flux in thin-films as a function of surface conditions analo-
gous to fluid flow in confined geometries. We use the case of distinct boundaries to model
nanotubes in Chapter 4, which have recently gained experimental attention. Importantly, in
all of these cases we can predict not only the thermal conductivity but also the proportion
of heat carried by individual phonons which is key for rational thermal material design.
In the second half of the thesis we focus on planar layered nanostructures to understand
the effects of phonon transmission (in addition to reflection) on thermal properties. In
Chapter 5 we model planar bi-layer and tri-layer nanostructures and show that contrary to
the commonly held notion that thermal conductivity at the nanoscale can only be reduced,
these layered structures present an opportunity to locally enhance thermal conductivity. We
uncover the phenomenon of phonon injection that is central to these effects. We also ap-
ply the newly developed understanding to film-on-substrate systems, which are a common
semiconductor growth platform and highlight the importance of phonon coupling effects on
thermal properties of this system. In Chapter 6, we study cross-plane thermal transport in
superlattices and predict the role of all relevant length scales, i.e. surface roughness, period
length and superlattice size on thermal properties, which would be of profound practical
importance.
Overall, we have created thermal transport models for a variety of nanostructures which
include cylindrical cross-section structures – nanowires and nanotubes, and planar struc-
tures – thin-films, bi-layers, tri-layers and superlattices. We elucidated the role of phonon
scattering at surfaces (both reflection and transmission) in experimentally realizable nanos-
tructures using quantifiable surface descriptors. The methodology and the findings of this
thesis advance nanoscale thermal transport literature by providing a fundamental and quan-
titative understanding about the transport of heat in semiconductor nanostructures.
CHAPTER 1
INTRODUCTION
1.1 Heat and Nanotechnology
The understanding and control of thermal transport processes has been central to hu-
man progress over the course of our evolution. From the discovery of fire by friction, to
harnessing the thermal energy via the steam engine, the path of human progress has been
paved with thermal energy. Now, with the burgeoning advances in nanotechnology, under-
standing and controlling heat flow at the nanoscale has become a key scientific and techno-
logical challenge. Just as the in-depth understanding of transport of electrons and photons
revolutionized the fields of electronics and photonics [1, 2], similar degree of progress in
nanoscale phononics (phonon is the thermal carrier in semiconductor solids) has the poten-
tial to propel energy research and create fundamental and novel discoveries about flow of
heat. Technologically, nanoscale thermal conduction is central to the performance of micro-
electronic processors, optoelectronic devices such as lasers and light emitting diodes, and
for energy materials such as thermoelectrics. Take for instance the modern-day nanometer
scale computer processors, these high performance devices can have localized spatial lo-
cations called hot-spots where the magnitude of thermal flux J can exceed 10 W cm−2 [3,
4] a value greater than the Solar flux reaching the Earth (Solar constant = 0.13 W cm−2)
[5]. The efficient dissipation of heat is central to the usability of these devices. In addition
to the lack of space to incorporate heat dissipation solutions, the problem is further com-
pounded by the reduction of thermal conductivity at these nano length scales as compared
to the bulk [6]. This reduction of thermal conduction arises from the interaction of heat
carriers (i.e. phonons) with nanostructures, which inhibits their heat transporting ability.
Furthermore, heat dissipation also impacts the efficiency of optoelectronic devices such as
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photo-detectors and light emitting diodes [7]. The reduced nanoscale thermal conductivi-
ties are not always negative in their impact, as low thermal conductivity coupled with high
electrical conductivity allows thermoelectric devices to convert waste-heat into electricity
efficiently. These thermoelectrics further have the capability to generate power for off-grid
applications and to even cool down microelectronic hot-spots [3, 8, 9]. Due to its ubiq-
uity, thermal energy transport thus remains central to current technological development
and these examples are illustrative of the potential impact that a rational thermal design of
nanoscale materials can have in advancing important technologies central to the modern
civilization.
1.2 Nanoscale Thermal Conduction and Phonons
Thermal conduction is the dominant mechanism of heat conduction in solids, and oc-
curs when a temperature gradient, which acts as the thermal driving force, is applied across
the solid. Fourier’s Law is used in bulk systems to describe the heat conduction [10],
Jx = −κ∇xT (1.1)
where Jx is the the conductive thermal flux generated by the applied temperature gra-
dient ∇T in the x-direction, and κ is the corresponding thermal conductivity in the same
direction. The microscopic origins of thermal conduction lie in the vibrations of atoms that
create a net transport of energy from the hotter end to the cooler end [11]. From this atomic
perspective, thermal transport in non-metallic crystalline solids is described as the trans-
port of atomic vibrations with broadband frequencies that are generated and move under an
applied temperature gradient. Quantized lattice vibrations are called phonons and can be
considered to be the particles of heat [12]. Thermal conduction in semiconductor nanos-
tructures can thus be described as the net transport of phonons from the high temperature
region to the low temperature region.
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Phonons are characterized by their frequency ω of vibration, their propagation wavevec-
tor k, and their longitudinal or transversal polarization. Phonons in solid materials can exist
in a broadband range of frequencies ω determined by the dispersion relation ω(k), a fun-
damental material property giving the relation between the phonon frequency ω and the
phonon wavevector k for each polarization. Being able to establish how much heat can be
conducted in a solid material requires knowledge of three fundamental phonon transport
properties – how much energy phonons can carry (~ωk), how fast they can move (group
velocity vk), and how far they can travel (mean-free-path `k). We note that in nanos-
tructures, length scales smaller than mean-free-paths of bulk phonons create interactions
between phonons and surfaces, which are central to the modification of thermal properties
at the nanoscale. We further note that all the phonon transport properties are dependent
on wavevector k and when combined together determine ability of the material to con-
duct heat. Thus, the transport of heat under a thermal gradient is an aggregate behavior
of phonons generated within the nanostructure at each spatial location r, moving along all
directions with their wavevector dependent thermal transport properties, ~ωk, vk, and `k,
and their statistically averaged transport is contained in the thermal conductivity κ,



















where, the contribution of each phonon at each spatial location r is integrated over the
complete k-space, summed for each phonon polarization pol, and averaged over the size t
of the nanostructure to determine the effective thermal conductivity κ of the nanostructure
in the direction of the gradient.1 Note that the equilibrium Bose-Einstein population f BE
is a function of temperature and phonon energy. Importantly, Equation (1.2) highlights a
key fundamental physical aspect, that is nanoscale thermal conduction is a spatially local
1For calculations of thermal transport along a particular direction, say x, the components of group velocity




phenomenon. Under such spatial locality, phonons at different spatial location in gen-
eral, have distinct mean-free-paths, and therefore contribute distinctly to thermal transport
[13, 14]. This physical nature arises due to the differing influence of surfaces on different
spatial locations, and distinguishes nanoscale thermal transport from bulk-scale transport.
This distinction also underlies the observation that thermal conductivity at the nanoscale
is a strong function of nanostructure size [15–17]. The structure-size dependent thermal
conductivity is characteristic of the quasi-ballistic transport regime, which is the primary
focus of this thesis. Contrarily, in the diffusive transport regime, the thermal conductivity
is not linked to structure size as seen at the bulk-scale [10].
1.3 The Phonon Boltzmann Transport Equation
A quasi-ballistic regime of phonon transport is characterized by the existence of two
kinds of phonon scattering events. The first is the scattering of phonons due to nanostruc-
ture surfaces [15]. This phonon-surface interaction is spatially discrete in nature, since it
can occur only at specific locations in the nanostructure, i.e. at boundaries. The second
kind of interaction that occurs throughout the volume of the nanostructure is the anhar-
monic phonon-phonon scattering [12]. Other volumetric events include phonon-alloy and
phonon-impurity scattering. Both kinds of scattering events – discrete and volumetric –
influence the thermal transport in nanostructures by modifying the transport of phonons.
Thus, in order to model thermal transport for a wide range of conditions, the modeling tool
of choice should at minimum possess the capability to include the scattering physics, with
the flexibility of adding new features as required.
To this end, the Boltzmann transport equation (BTE) provides a rigorous framework to
mathematically represent the transport of phonons. At steady state and under a single-mode
relaxation time approximation, the BTE for phonons can be written as [15, 18],





where f is the phonon population function deviated from the equilibrium Bose-Einstein
population f BE due to the applied driving force. The relaxation time τ accounts for the
anharmonic phonon scattering effects, and can be obtained from first-principle calculations
[19, 20], or iteratively by matching experimental bulk conductivity measurements to model
predictions [13, 21].2 For emphasis, the dependence of quantities on wavevector k and
position r are explicitly written. A closed form solution to Equation (1.3) is nanostructure
dependent and spatial boundary conditions for phononic populations are required [18, 22–
24] . Therefore, we discuss the exact methodology for obtaining non-equilibrium phononic
populations f in specific chapters as required. Once the non-equilibrium populations are
calculated as a function of position for each phonon mode, thermal conductivity can be
obtained using,













A comparison between Equation (1.2) and (1.4) shows that there is a fundamental con-
nection between mean-free-path ` and phononic population f . We explicitly show in thin-
films (see Chapter 3) that both equations are equivalent and either of them can be used
to obtain thermal properties. Thus, for nanowires and nanotubes (see Chapters 2 and 4),
Equation (1.2) is evaluated since geometrically obtaining mean-free-paths is simpler. On
the other hand, in layered nanostructures (see Chapters 5 and 6) the calculation of phononic
population f by solving the BTE allows for a more tractable solution allowing us to evaluate
Equation (1.4) to obtain thermal properties in these nanostructures.
2While both these approaches have been shown to yield similar outputs for Silicon (see Appendix A) first
principle approach can be useful for new materials or materials without sufficient experiments, while the
iterative approach is useful to obtain temperature dependent functional forms of relaxation time cheaply.
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1.4 Outline of the Thesis
The overarching vision of this thesis is to explore the phenomenon of nanoscale thermal
conduction in different nanostructures. Aligned with this vision, the work contained in this
dissertation is divided into two main parts,
• First, we explore nanostructures in which the interaction of phonons with surfaces is
focused on reflection i.e. backward scattering. The nanostructures of this category
included in this thesis are nanowires, thin-films and nanotubes.
– In Chapter 2, we formulate a predictive mathematical model that incorporates
experimentally quantifiable surface descriptors as inputs for phonon-surface
scattering. Such a model allows for quantifying the role of surfaces in nanoscale
thermal transport while allowing for a comparison with measurements.
– In Chapter 3, we extend the model to a general case of thin-films with distinct
surfaces. We use the model to show the spatial distribution of thermal flux and
draw the analogy with fluid flow.
– In Chapter 4, we utilize the developed model to evaluate thermal conduction in
semiconductor nanotubes. This study allows for an understanding of cylindrical
geometries with distinct inner and outer surfaces and is utilized in explaining
experimental measurements.
• Second, we explore nanostructures in which phonons upon interacting with surfaces
can be reflected and transmitted, i.e. both backward and forward scattered. The
nanostructures of this category included in this thesis are semiconductor bi-layers,
tri-layers and superlattices.
– In Chapter 5, we model layered nanostructures under an in-plane temperature
gradient to understand the role of phonon transmission. This novel study allows
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us to uncover a novel phenomenon of phonon coupling, which can be utilized
to locally modulate thermal properties at the nanoscale.
– In Chapter 6, we model cross-plane thermal transport in superlattices allowing
for an exploration across multiple length scales – roughness, period and size.
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CHAPTER 2
THERMAL TRANSPORT IN NANOWIRES AND THIN-FILMS
2.1 Introduction
The development of rigorous nanoscale thermal transport models requires the inclu-
sion of the phonon-boundary scattering effects. At the small length scales of nanostruc-
tures such as thin-films and nanowires, the physical boundaries of these structures provide
a scattering mechanism for phonons. In fact, phonon surface scattering has been exten-
sively used in the last decade to obtain significant reductions in heat conduction, and a
large number of low-thermal conductivity nanostructures have been fabricated experimen-
tally including thin-films [25–29] and nanowires [30–36]. Despite the key role played
by phonon-surface interactions, these have been treated approximately in existing mod-
els. For instance, simplified kinetic theory models have relied on the Matthiessen’s rule
[15] to provide an effective relaxation time to account for the reduced mean-free-paths of
phonons due to boundary scattering. The intrinsic inaccuracy in the Matthiessen’s rule is
the treatment of boundary scattering as an internal volumetric phenomenon (i.e., similar
to phonon-phonon scattering mechanisms), while in reality the surface interaction occurs
only at discrete points located at the surface. Furthermore, theoretical models have not
focused on studying the phonon-surface interaction to mathematically elucidate the under-
lying physics rigorously. Simplified approaches have been utilized historically which do
not account for all physical variables critically needed to describe this interaction, namely –
incident phonon momentum and angle as well as the surface characteristics, such as rough-
Portions of this chapter have originally been published in [16] “Impact of Phonon Surface Scattering on
Thermal Energy Distribution of Si and SiGe Nanowires” (2016), Scientific Reports, Vol. 6 (25818), and
in [17] “Surface Scattering Controlled Heat Conduction in Semiconductor Thin Films” (2016), Journal of
Applied Physics, Vol. 120 (204305). Reproduced from [16] under a CC BY 4.0 License, and from [17] with
permission from AIP Publishing.
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ness and correlation length. Commonly, these approaches include the constant specularity
assumption (which ignores the momentum dependence of scattering) and Ziman’s formula
(which assumes all phonons to be normally incident) [15]. In addition, contrary to estab-
lished approaches in optics and acoustics [37], the effects of rough surface shadowing on
phonon surface scattering have also been unexplored in thermal phonon transport. As a
result, there is currently a need for accurately describing phonon-surface interactions in or-
der to understand, predict, and control heat conduction processes at the nanoscale. Without
achieving such fundamental understanding, it is difficult to create truly predictive models
that can transition from matching with experimentally measured thermal conductivity val-
ues towards predicting transport quantities such as thermal spectra and guiding experiments
to obtain rationally designed nanostructures for thermal applications.
2.2 Calculating Mean-Free-Paths in Nanowires and Thin-Films
The first step in obtaining predictive models is to distinguish between discrete bound-
ary scattering events and volumetric internal scattering events. Here, we show an approach
based on the a kinetic picture of phonon transport, that allows for treating boundary scatter-
ing events as discrete [13, 38]. Once the accurate phononic mean-free-paths are available,
they can be used to calculate transport properties, for instance thermal conductivity as
shown in Equation (1.2). In order to do so, a fundamental statistical definition of mean-
free-path is used to account for the role of boundaries on phonon transport. The probability
density function for phonon internal scattering in bulk as phonons propagate internally









marks the starting point of this calculation. Under the assumption that the phonons in
nanostructures follow similar internal relaxation rates, the change in phononic mean-free-
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paths ` in the semiconductor nanostructures stems from the introduction of boundary scat-
tering processes. Thus, the central aim of this section is to define a framework in which
the effects of boundaries can be included to evaluate phononic mean-free-paths. For illus-
tration, we choose a thin-film to describe the mathematics behind such a calculation, while
noting that the formulation holds true for any nanostructure (including nanowires) in which
the geometrical distance between two successive phonon scatterings is constant.
Figure 2.1: Schematic showing the in-plane phonon transport in a thin-film of thickness t. The
temperature gradient is applied along the x-direction. Phonons with wavevector k originate at a
random location O and reach the boundary at an angle θ with the surface normal. A fraction p of
phonons are reflected specularly while the rest 1− p scatter diffusively at every interaction with the
boundary, leading to a reduction in their mean-free-paths `k in the thin film as compared to the bulk
value `bulkk .
For now we lump the effect of surfaces into a specularity parameter p that defines the
fraction of incident phonons to undergo a specular reflection, and reserve the discussion
on the physical nature of the specularity parameter for Section 2.3. During a specular
reflection, a fraction p of phonons preserve their angle of incidence [15]. On the other
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hand, remaining 1 − p fraction of phonons are diffusively scattered in all directions. The
diffusive scattering of a portion of phonons is central to the reduction of phononic mean-
free-paths in nanostructures. For the case shown in Figure 2.1, phonons originating at point
O located at a distance z from the upper boundary propagate at an arbitrary angle θ with
the surface normal towards the upper surface. At every interaction with the surfaces of the
nanostructure, a proportion p of incident phonons are scattered specularly, while the rest
are scattered diffusively. We note that in general, phonons can encounter the interfaces





By writing OX ′ = Λ, the contribution to the mean-free-path for phonons starting at O up










where the second term represents the diffusively scattered phonons at X ′ . Subsequent














where X ′X ′′ = Λ∗ = X ′′′ = ... , allowing us to write subsequent contributions as series.
We note that the mean-free-paths are dependent on phonon wave-vectors, thus we introduce
a subscript k to explicitly indicate the dependence. By using Equation (2.1) to replace
dP with path-length traveled and sum over the total path to obtain the mean-free-paths of
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2.3 Determining Specularity Parameter: Role of Surface and Phonon Properties
In the phonon-surface scattering process, the properties of both the surface and the
incident phonons determine the dynamics. In order to characterize surfaces, a measure of
the variation from a mean plane (i.e. roughness η) and the distance between two roughness
features (i.e. correlation length L), are used. Such a description is suitable from a practical
experimental standpoint as well since a surface can only be described statistically as a point-
to-point description would be nearly impossible. The incident phonon properties include
the incident phonon momentum (~k) and the incident angle with the surface normal θi.
When a phononic population moving under an applied gradient interacts with a surface, a
portion of it can be backward scattered, i.e. reflected into the same medium, while the other
can be forward scattered, i.e. transmitted, across the surface into adjoining medium. These
forward and backward scattering of phonons at the surface can be specular or diffuse, whose
probability depends on surface properties as well as incident phonon properties. Since our
purpose is to determine the specularity parameter p for reflection, we treat the surface as
a sold-air interface. To obtain the specularity parameter, the phonon field scattered by a
random rough surface and its mean power over different directions is analyzed. Such a
statistical behavior of rough surfaces and knowledge of their reflection coefficients have
been extensively considered in studies of electromagnetic wave phenomena and acoustics
[40, 41]. Here, we utilize the quasi-classical Beckmann-Kirchhoff (BK) framework to
obtain a relation between specularity parameter and phonon wavelength, incident angle,
surface roughness, and correlation length.
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2.3.1 Beckmann-Kirchhoff Surface Scattering Theory
To utilize the BK framework, we first define a one-dimensional surface S of length 2D
in the x̂0 direction that separates the two solid media. Any point on such a surface can be
described using a position vector r,
r = x x̂0 + ζ (x) ẑ0 (2.6)
Figure 2.2: Schematic representation of phonon-surface interaction. (a) Incident Ψ1 and scattered
Ψ2 phonon fields with angle of incidence θ and scattered angle ϕ from a rough surface z = ζ(r),
where r is the position vector and k1 and k2 are the corresponding wavevectors. (b) Surface shad-
owing. Phonons are incident with wavevector k at angle of incidence θmeasured clockwise from the
z axis. Shadows are cast along the −x direction reducing the surface area available for scattering.
We note that the BK method relies on the Kirchhoff approximation which requires
that the surface gradients are small enough so that the field at a local tangent plane to
any point on the surface approximates the field on the surface itself. Importantly, this
approximation does not impose any restriction on the surface roughness (which has been a
criticism of perturbation based approaches [42]) but requires that the surface gradients are
small enough so that only a minimal number of sharp features exist [41]. Furthermore, a
single scattering event from surface roughness is assumed and edge-effects are neglected.
Initially, we assume that surface shadowing effects [Figure 2.2(b)] are negligible. This
is later relaxed to incorporate the effect of correlation length on specularity. In order to
completely define surface properties, we assume that the distribution of surface features
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that obey Gaussian statistics. Under such distribution of height variations w(z) around a














In addition to surface roughness, a complete description of the surface also requires the
information on the correlation length L, i.e. the distance between similar height variations.
For a Gaussian distribution, the auto-correlation function enables a mathematical defini-
tion of correlation length between two repeated height variations at x1 and x2, and a large
correlation length L translates to gradual slopes for the height variations.







For simplification, phonons are treated as a plane-wave in this formulation with their in-
cident field written as Ψ1 = ψ1eik1.r. Note that the time-dependent factor exp(−iωt) has
been dropped since conservation of phonon energy in scattering processes is implied. Writ-
ing the Helmholtz wave equation for the total field Ψ,
(∇2 + k2)Ψ = 0 (2.9)
where k denotes the modulus of the wavevector k, Green’s function theory gives the solu-
tion of the wave equation at an interior point in terms of the values of the function Ψ and
its normal derivative on the surface S. The scattered field Ψ2 at a point of observation X
located at a distance d from the point of incidence (x, ζ (x)) at the surface is obtained using
the boundary conditions,






= (1−R) Ψ1 i k1.n (2.11)
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where R denotes the reflection coefficient for a smooth plane and n is the normal to the
surface. In general, R may depend on the angle of incidence of the field and the physical
properties of the media at both sides of the surface. However, we consider a perfectly
free surface (due to the large mechanical contrast for solid-air interfaces) and therefore the
reflection coefficient R = −1. Under the above formulation, the normalized scattered field
from a one-dimensional surface yields the following expression [41],
Ψ̃(θ, ϕ) =
Ψ2(θ, ϕ)





1 + cos (θ + ϕ)




where the phonons incident at angle θ and scattered at an angle ϕ, denoted by Ψ2(θ, ϕ), are
expressed in terms of the phonons scattered in the specular direction by a smooth, perfectly
free surface with the same dimensions, i.e. Ψ2(θ, ϕ = θ). Using Equation (2.12), we
can evaluate the mean energy carried by the backward scattered phonons from the whole
surface by evaluating the square of the scattered field < Ψ̃Ψ̃∗ >. For the Gaussian surface
under consideration here, the energy associated with the scattered field evaluates to [16],
< Ψ̃Ψ̃∗ > = e−η
2(k1,z−k2,z)2
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Equation (2.13) is also referred to as the Beckmann-Kirchhoff surface scattering model
and represents a complex angular distribution of the scattered energy in a thin-film when
phonons are incident at an angle θ. In particular, the first term represents the specular
scattering of phonons and has a sharp contribution when the scattering angle ϕ ≈ θ and
quickly decays at other angles. Thus, to obtain a specularity parameter p (i.e. the proportion
of specularly scattered phonons) in the limit when surface correlation length L is large as
compared to incident phonon wavelength (i.e. k1L  1), the contribution of the first term
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Figure 2.3: Schematic representation of role of roughness showing the transition from specular
reflection to diffuse scattering. Left: Perfectly smooth surface showing perfect reflection. Cen-
tre: Rough surface with partially specular/partially diffuse scattering. Right: Very rough surface
exhibiting complete diffuse scattering.
representing the specularly scattered phonons is considered to obtain,
p = exp(−η2(k1,z − k2,z)2) = exp(−4η2k21 cos2 θ) (2.14)
2.3.2 Surface Shadowing Correction
The Beckmann-Kirchhoff model derived above does not incorporate the phenomena of
shadowing in the formulation. However, it is well understood [43] that shadowing plays
an important role in accurately predicting the scattered intensity at grazing incident angles.
Shadowing is the phenomena when a portion of the surface is hidden from the incident
wave by other points on the surface [Figure 2.2(b)]. A shadowing function is introduced to
account for this phenomenon mathematically and is defined as the ratio of the unscreened
surface to the total surface. The shadowing correction is applied to the previously devel-
oped Beckmann-Kirchhoff scattering model by multiplying the surface area with the spa-
tially averaged shadowing function [41]. The initially expression obtained for shadowing
was improved upon in later works [44, 45] and the improvement was verified by a com-
puter generated simulation [46]. For the case of application to heat transport, we utilize the
accurate formulation presented by Wagner [44]. The function S to quantify the shadowing
for an arbitrary point on the surface is defined as unity for points not in shadow and zero
for shaded parts of the surface. The spatial averaging of this function yields the shadowing
function. Considering an arbitrary point on the surface at τ = 0 [Figure 2.2(b)], and define
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the probability,
S (θ, τ) = Probability ζ (0) is not shaded by the surface up to ζ (τ) (2.15)
allowing for definition of S(θ) as:
S(θ) = lim
τ→∞
S (θ, τ) (2.16)






































For application to heat transport and models based on the specularity parameter p, we
consider a case of bistatic scattering where the scattered angle ϕ lies between 0 and π/2
radians. In particular, for specular reflection the scattered angle is equal to the incident
angle θ. The shadowing function thus obtained would accurately account for the surface
shadows for the Beckmann-Kirchhoff model previously described, particularly at grazing
incidence angles. In particular, the bistatic shadowing function S(θ, ϕ) in the specular
direction (ϕ = θ) can be expressed as,








A numerical calculation of Equation (2.17) is shown in Appendix B. Note that the shad-
owing function used for calculations (Equation (2.19)) in our heat transport model is a
subset of the general function presented. Thus, the inclusion of shadowing effects enables
the development of a predictive heat transport model at nanoscale, accounting for both
momentum and angle dependent scattering of phonons.
2.4 Predictions of Thermal Conductivity
2.4.1 Nanowires
Looking at the literature, one of the first papers to experimentally measure thermal
conductivity in silicon nanowires and show the effect of reduced diameters was by Li and
coworkers [30]. They reported the thermal conductivity of four individual nanowires of
diameters d = 115 nm, 56 nm, 37 nm and 22 nm measured at temperatures from T = 20 to
320 K. Since their aim was to study the impact of diameter reduction on the bulk thermal
conductivity, there was no attempt to control or modify the surface roughness. The strong
impact of surface roughness on nanowire conductivity was experimentally demonstrated in
2008 by Hochbaum et al. via the fabrication of rough surface nanowires of diameters d =
115 nm, 98 nm and 50 nm using an electroless etching (EE) method [32]. An attempt to
quantitatively understand the lowered conductivity in rough square nanowires was subse-
quently made by Hippalgaonkar et al. [47]. A further study [48] on nanowires of diameters
d = 50–100 nm provided insights on the range of correlation lengths. The study found that
correlation length L ranged from 5–15 nm with average value of 9.6 nm. A later study
[49] used such etching technique for diameters d = 110–150 nm and gained control over
the roughness of the nanowires by controlling the etching time. Such method of study
was further advanced [34] by reducing the etching rates from 100 nm/s to 0.5 nm/s and
nanowires with lower roughness η = 1–2 nm but a similar L of 4–10 nm were reported. It
is essential to view all this data together to truly comprehend the complexity of the prob-
lem of heat transport in silicon nanowires as shown in Figure 2.4. The experimental points
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lie in a region with upper and lower boundary determined by the data-sets of Li et al. and
Hochbaum et al. respectively. The data visualization leads us to believe that at the current
level of theoretical understanding, fabrication methodology and experimental measurement
techniques, future results on reduced thermal conductivity by rough surface nanowires will
continue to lie within this region. Although it is well accepted that increased roughness
should lead to decreased thermal conductivities, this trend cannot be explicitly drawn from
the data in the figure. This can be viewed as a complexity of the problem and shows the
importance of improving the current level of theory, in addition to the need for precise and
accurate measurement techniques of surface parameters (roughness, correlation length) as
well as thermal conductivity, which is currently an intense research area in experimental
works. In contrast to silicon, the same level of depth is not present in the case of Si-Ge
alloyed nanowires. Most widely used SiGe dataset is from the work of Kim et al. [33]
and Lee et al. [50]. However, like the initial studies on Si nanowires, there was no at-
tempt made to quantify the surface characteristics. We use our surface scattering model
(i.e. Beckmann-Kirchhoff formulation with shadowing and angle and momentum depen-
dent phonon scattering) to predict Si and SiGe nanowire thermal conductivities. We find
excellent agreement with experimental data-set for the un-etched nanowires of diameters
115 nm, 56 nm, 37 nm [30] and 122 nm [33] in Figure 2.5. Since no surface parame-
ters were reported in these experiments, we assume a boundary disorder in the order of Si
crystal unit cell (0.4 nm–0.6 nm) and a large enough correlation (10η), compared to those
described in etching experiments above, as the wires were not roughened intentionally. Our
accurate predictions in un-etched nanowires can be further seen in Figure 2.5(b) where us-
ing the previous assumptions about surface parameters, we also find a good comparison
with the experimental values [48]. For etched nanowires, the theoretical calculations are in
agreement with experiments [34, 48] but the results are slightly larger than the experimen-
tal values. The inclusion of an amorphous layer [51, 52] at the boundary (to account for
the chemically etched surfaces) is insufficient to account for this reduction. This enhanced
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Figure 2.4: Current state of room temperature thermal conductivity engineering of nanowires. Ther-
mal conductivity measurements by Li et al. [30] on VLS nanowires and Hochbaum et al. [32] on
electroless etched nanowires form an envelope around all other measurements, indicative of an ex-
perimental bound on thermal conductivity. Reprinted from “Phononic Pathways towards Rational
Design of Nanowire Heat Conduction” (2019), Nanotechnology, Malhotra, A. and Maldovan, M.
c© IOP Publishing. Reproduced with permission.
reduction could be the result of micro-structural changes which appear as a result of the
etching process, as suggested by D. Cahill [49]. Additional strains in the silicon crystal in-
troduced due to these changes were not included in our model. We also apply our model to
SiGe alloy nanowires and found a similar agreement in Figure 2.5(c) with the experimental
data by taking a higher value of roughness (∼ 3× Si lattice constant). This is consistent
with a previous comparison [53] which uses a boundary scattering description with p = 0.
We note that accounting for changes in relaxation times due to mass difference of point de-
fects [53, 54] and experimental measurements [33, 50] are very sensitive to impurity (alloy)
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fraction, a slight inaccuracy or mismatch in the reported defect percent against the actual
fraction could account for the observed lowered conductivity. Interestingly, for both Si and
SiGe nanowires, the BK model provides agreement with experimental results even at low
temperatures where the minimum correlation length for strict applicability of the Kirchhoff
approximation is expected to be higher. In addition, we predict the thermal conductivity
of Si and SiGe nanowires as a function of diameter for different roughness and correlation
lengths. The numerical predictions for Si nanowires in Figure 2.5 show how the diameter
reduction lowers the thermal conductivity due to the emergence of the non-diffusive (quasi-
ballistic) regime of heat conduction where phonon-interface scattering plays an important
role. The thermal conductivity is larger for longer correlation lengths, since the probability
of phonons undergoing specular reflection is higher due to the larger distance between two
surface features. We also predict the thermal conductivities for alloyed nanowires and the
diameter dependence for Si0.90Ge0.10 nanowires shows a similar trend as seen in Si for a
quasi-ballistic regime. The magnitude of thermal conductivities in this case, however, are
one order of magnitude smaller due to alloying effects. Our model with all the relevant
physical parameters and surface scattering phenomena is thus able to predict the thermal
conductivities of Si and SiGe nanowires. The presence of crystal strains and/or additional
impurities in the samples could lead to lower thermal conductivities (as observed experi-
mentally for etched nanowires).
2.4.2 Thin-Films
We next use our developed model to predict the thermal conductivities of Si thin films
and compare the results with experimental measurements for a wide range of temperatures
T = 20 K–500 K and film thicknesses [27, 28, 56–62]. Similar to experimental surface
roughnesses in nanowires, we assume that the surface correlation length is generally in the
order of L ∼ 10η and take the roughness values in the range of the dimension of the lattice






































































































































































































































































works have assumed a completely diffusive boundary behavior as a good approximation of
the surface behavior for most Si thin film samples [56, 63]. In Figure 2.6 the distinction
between a fully diffusive boundary and a free Si interface with η ∼ 0.5 nm and L ∼ 5 nm
(i.e. 10η) can be clearly seen. Importantly, we show that the assumption of a fully diffusive
boundary is valid only for small thin film dimensions and our accurate model is able to
match completely the experimental results. We further note that the incorrect usage of the
Ziman formula (with a π3 in the exponent instead of π2) can lead to overestimation of the
scattering at the boundaries [63]. Approximating Si nanostructure boundaries as perfectly
diffusive is computationally simpler but is expected to be a reasonable assumption only for
a reduced range of thicknesses.
We also calculate the thermal conductivity of SiGe alloyed thin films, which are pre-
dicted to be an order of magnitude lower than Si thin films. This is the result of the added
scattering for short-wavelength (or high-frequency) phonons due to the mass difference be-
tween Si and Ge. Variations in surface roughness and correlation lengths can significantly
modify the thermal conductivity in these films as shown in Figure 2.6(c). The thermal
conductivity is higher for larger correlation lengths and smaller roughness. This is ex-
plained by the fact that the probability of phonons undergoing specular reflection is higher
when the surface is smooth and there is more separation between two surface features.
The higher correlation length reduces the shadowing effects at the boundary, allowing a
larger proportion of the surface to be exposed to phonons. As a result, using our model,
precise predictions of the thermal conductivity can be made based on quantifiable surface
characteristics (i.e., surface roughness and correlation lengths), which are critical physical
parameters influencing thermal transport.
The variation of thermal conductivity with surface roughness for different thicknesses
and fixed correlation length is shown in Figure 2.6(d). The increase in surface roughness
does not affect the thin-film thermal conductivity beyond a certain value (η > 1.5 nm and
2 nm for Si and Si0.90Ge0.10 thin-films, respectively) which indicates the complete onset of
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diffuse surface scattering. In an experimental setup, however, the roughening/etching of
semiconductor surfaces may introduce additional strains or dislocations [49] or cause the
oxide layer formation along the interface [64], which can additionally affect the thermal
conductivity.
Figure 2.6: Thermal conductivity predictions and comparison with experimental measurements
[27, 28, 56–62]. (a) Thermal conductivity as a function of temperature for Si and SiGe thin films
of different thicknesses. Predicted thermal conductivity of (b) Si and (c) Si0.80Ge0.20 thin films as
a function of thickness for different surface conditions. (d) Thermal conductivity as a function of
surface roughness for Si and Si0.90Ge0.10 thin-films of thickness 500 nm (black squares), 100 nm
(red-circles) and 20 nm(blue-triangles) at room temperature. The correlation length is L = 10η.
Arrows indicate the onset of complete diffuse scattering.
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2.5 Predictions of Thermal Spectra
A current fundamental challenge in nanoscale heat transport is to precisely predict how
much heat is carried by phonons with different wavelengths and mean-free-paths, i.e. nor-
malized cumulative thermal conductivity or thermal spectra. The thermal conductivity ac-
cumulation function (i.e., the thermal energy distribution or heat spectra) as a function of
wavelength λ (or mean-free-path `) is the proportion of the heat carried by phonons with
wavelengths smaller than λ (or `), and provides the distribution of the heat among phonons
with different wavelengths and mean-free-paths. Access to such thermal energy distribu-
tion would allow to explain the existence of ballistic versus diffuse regimes, phonon con-
finement, and wave interference effects [65]. In recent years, significant efforts have been
conducted to reconstruct the mean-free-path accumulative thermal conductivity of bulk
materials via the combination of the suppression function and experimental measurements
[56, 66–68]. This recently proposed experimental route to obtain heat spectra can be readily
compared to DFT-based numerical calculations [19]. Importantly, if such deep knowledge
of fundamental phonon transport properties in bulk materials is to be routinely extended
to nanostructures, an accurate description of phonon surface scattering is critically needed
beyond the standard assumption of complete diffuse scattering. In particular, a major re-
search question that needs to be answered is the precise determination of the proportion
of thermal phonons that are specularly and diffusively scattered at surfaces. The answer
to this question has remained limited under the empirical approaches relying on overall
relaxation times or using a constant value for the surface specularity p (i.e. the proportion
of specularly reflected phonons) without accounting for underlying physics of phonons and
surfaces. The accurate prediction of thermal spectra using the described model incorporat-




In order to calculate thermal spectra as a function of frequency ω, we apply a numerical
approach where we create multiple bins spanning 0.2 THz each. Similar bins of 10 nm
and 2 nm were used for thermal spectra as a function of mean-free-path ` and wavelength
λ, respectively. Based on these bins, we numerically determine the wave-vectors k for all
polarizations that lead to frequencies (or mean-free-paths or wavelengths) lying in the bin.
This approach of binning wave-vectors allow for limiting the calculation to desired ω (or
` or λ) ranges. The spectral contribution of phonons belonging to a particular wave-vector















2.5.2 Bulk Si Spectra
We first predict the heat spectrum of bulk Si and SiGe materials and compare it against
computationally expensive DFT calculations [19] and more recent experimental approaches
that reconstruct the conductivity measurement into a heat spectrum as a function of phonon
mean-free-path by use of a suppression function [56, 67, 68]. We note the strong agree-
ment between all approaches in Figure 2.7(a) enabling a prediction about the bulk silicon
mean-free-path heat spectrum with certainty. Another important feature that needs to be
considered is the thermal phonon wavelengths. Since the experimental reconstruction ap-
proach for the heat spectrum can provide only the mean-free-path spectra, we are restricted
to compare our bulk calculations to DFT in Figure 2.7(b). Once again, our calculations for
bulk silicon is in close agreement with DFT calculations [19]. In addition, we present our
predictions for the heat spectrum of bulk Si0.90Ge0.10 alloy. As mentioned previously, with
the introduction of Ge atoms in the matrix, the spectrum shows a marked change towards
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Figure 2.7: (a) Comparisons between mean-free-path heat spectrum (normalized cumulative con-
ductivity) for bulk Si from our calculations, first principle approaches [19], and reconstruction from
experiments [56, 67, 68]. (b) Calculated wavelength heat spectrum for bulk Si and SiGe alloy,
and (c) Calculated mean-free-path heat spectrum for Si0.90Ge0.10 nanowire and the reconstructed
spectrum using Ziman’s formula for η = 0.1 nm [68].
longer phonon wavelengths (and larger mean-free-paths). It can thus be postulated that any
change from a pure bulk structure (e.g. defects, interfaces etc.) affects both the thermal
conductivity and the phonon heat spectrum.
For the case of nanowires in Figure 2.7(c), the reconstructed heat spectrum as a function
of mean-free-paths is available only for a Si0.90Ge0.10 [68]. This reconstruction is based on
a Ziman formulation (normal incidence) for phonon boundary scattering which is expected
to overestimate the effect of the boundaries [16]. Our results using the BTE formulation
with the same assumptions show a close agreement with this reconstructed mean-free-path.
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Next, we look at the details of the thermal spectra in nanowires using our model.
2.5.3 Nanowires
Using our surface scattering model, we calculate the wavelength and mean-free-path
heat spectra for Si nanowires for different diameters, surface roughness, and correlation
lengths. Figure 2.8 quantitatively shows how the introduction of rough boundaries strongly
shifts the nanowire heat spectrum to shorter wavelengths and shorter mean-free-paths with
respect to bulk silicon. For example, in bulk Si, the dominant heat carrying phonons
(10–90%) have a wavelength λ ∼ 0.9–10 nm while in a nanowire of 100 nm diameter
[Figure 2.8(a)], the dominant spectrum shifts to 0.6–2.5 nm range. A similar effect is seen
in the mean-free-path spectrum which shows a marked shift from 0.1 µm–100 µm (bulk)
to 15–200 nm (nanowire) [Figure 2.8(b)]. Such a spectrum shift is a direct consequence
of the transition from bulk to a nanowire structure. In general, with the introduction of
the boundaries, phonons with longer mean-free-paths (and larger wavelengths) can inter-
act more strongly with the boundaries than those with shorter mean-free-paths. Since the
roughened boundary provides an additional scattering mechanism, these phonons scatter
more and achieve local equilibrium. The additional boundary scattering not only reduces
the nanowire thermal conductivity as compared to bulk, but also strongly modifies the
phonon heat spectra. Figure 2.8 also shows the marked shift to shorter wavelengths and
mean-free-paths with increasing surface roughness. By increasing the roughness from 0.5
nm to 1.5 nm, there is a shift to shorter wavelengths and smaller mean-free-paths in the
thermal phonon distribution caused by the enhanced diffuse scattering.
We also investigated the effects of the surface correlation lengths on the heat spectra.
For a given surface roughness, a smaller correlation length enhances the impact of scatter-
ing at the boundary. This is seen as an enhanced shift in the heat spectra towards shorter
mean-free-paths and smaller wavelengths (i.e. blue-shift). For example, in a Si nanowire
with d = 100 nm and surface roughness η = 0.5 nm, phonons with wavelengths shorter than
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Figure 2.8: Numerical prediction for heat spectra of silicon nanowires at room temperature. (a)
Wavelength spectrum and (b) Mean-free-path spectrum for diameter d = 100 nm. Inset shows the
calculations for d = 30 nm. Heat spectra are plotted for different roughness η and correlations
lengths L. Bulk silicon spectrum is also shown as reference.
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2 nm carry ∼77% of total heat if the correlation length is L = 5 nm. However, this pro-
portion increases to 83% if the correlation length is shortened to L = 2.5 nm. Similarly, in
the case of the mean-free-path spectrum, phonons with mean-free-paths less than 200 nm
carry 79% of heat if L = 5 nm. Reducing this correlation length to L = 2.5 nm increases
the heat carried by these phonons to 88%. Importantly, these detailed modifications of
the heat spectra cannot be predicted by approximate boundary scattering models. We note
that the surface correlation length provides a statistical quantification of the distance be-
tween repeated roughness features. The frequent appearance of “hills and valleys” for a
surface with small correlation length contributes towards more shadowing, modifying the
probability of specular reflection. The enhanced shadowing for small correlations lengths
increases the overall boundary effect causing the nanowire heat spectra to be dominated by
shorter wavelength and smaller mean-free-paths. We also performed a comparison of the
previous results with the spectra for a smaller nanowire (d = 30 nm) and found an addi-
tional shift of the spectrum to lower wavelength and mean-free-paths [Figure 2.8, insets].
This is consistent since the effects of boundary scattering are slightly more pronounced in
a smaller diameter nanowire because a larger range of phonons can interact strongly with
the nanowire surfaces.
It is important to note that, in contrast to surface scattering, the addition of mass-defects
in the Si crystalline lattice in the form of Ge atoms is an effective mechanism to reduce the
thermal conductivity by scattering phonons with shorter wavelengths and smaller mean-
free-paths [54, 69]. For this reason, the dominant wavelengths and the mean-free-paths
in low Ge concentration SiGe alloys are higher as compared to pure silicon. This means
that while surface scattering shifts the bulk heat spectra to short wavelengths, alloy scatter-
ing shifts the bulk spectra to long wavelengths. We found that in a SiGe nanowire, where
the spectra are already shifted in comparison with Si, the effect of boundary scattering is
again seen by a transition to shorter mean-free-paths and wavelengths (i.e. blue-shift) [Fig-
ure 2.9]. This is similarly explained by the ability of the phonons with longer wavelengths
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(and mean-free-paths) to “see” the boundaries more effectively and have a higher interfa-
cial interaction. An interesting property of the alloyed nanowire spectrum is the larger and
broader ranges of the dominant region. If we consider the range of the middle 80% of the
heat spectrum (10–90% of heat), the phonon mean-free-paths lie in the range of 5 nm–3
µm while the wavelengths are in the range of 1–20 nm. The exact value certainly depends
on the roughness and correlation length of the surface under consideration. This is signifi-
cantly larger and wider than the ranges seen for Si nanowires. These spectrum features are
a consequence of the combined effects of alloyed scattering and boundary scattering. We
note that while Ge atoms are very effective in scattering short mean-free-path (and small
wavelength) phonons, boundaries are effective in interacting with phonons of larger mean-
free-paths (and longer wavelengths). This leaves a larger and relatively broader “middle”
range as the major conductor of the heat in the SiGe alloyed nanowires. The effects of
reducing the correlation lengths via the enhanced shadowing of nanowire surface is still
observed similarly to Si nanowires.
2.5.4 Thin-Films
Using our model, we predict the thermal conductivity accumulation function for silicon
thin films of 100 nm and 30 nm thickness and study the effects of surface roughness by
choosing two vastly varying surface conditions – a smooth (η = 0.5 nm, L = 10η) and a
rough (η = 1.5 nm, L = 3η) interface, respectively [Figure 2.10]. We find that the intro-
duction of different interfaces can differently modify the accumulation function to shorter
wavelengths and shorter mean-free-paths with respect to bulk silicon. For example, in bulk
Si, the dominant heat-carrying phonons (20%–80%) have a mean-free-path of 0.2 µm–10
µm (wavelengths 1–7 nm). The introduction of a smooth boundary in a 100 nm thin film,
however, alters these ranges to 40 nm–420 nm (0.85–2.5 nm) and a rough interface mod-
ifies these to 35 nm–300 nm (0.80 nm–2 nm). The observed shift of the accumulation
functions to shorter wavelengths and mean-free-paths is the consequence of greater dif-
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Figure 2.9: Wavelength heat spectra for Si0.90Ge0.10 alloy nanowires at room temperature for (a) d
= 100 nm (and inset for d = 30 nm). (b) Mean-free-path heat spectrum for nanowire diameters d =
100 nm and 30 nm.
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fuse surface scattering of phonons. Phonons with longer mean-free-paths can effectively
interact with the rough surface, while the smaller correlation length creates a surface with
enhanced shadowing. This combination of increased roughness and shortened correlation
length leads to phonons with shorter mean-free-paths (and wavelengths) to become dom-
inant thermal carriers. These trends in the accumulation function are also observed in the
thinner 30 nm silicon thin film [Figure 2.10, insets].
Figure 2.10: Numerical predictions for the thermal conductivity accumulation functions for Si and
SiGe thin films at room temperature. (a) Wavelength spectrum and (b) Mean-free-path spectrum for
thickness t = 100 nm. Insets, show the corresponding calculations for t = 30 nm. Accumulation
functions are plotted for different roughness η and correlations lengths L. Accumulation functions
for Si0.90Ge0.10 alloyed thin films are also calculated as a function of phonon (c) Wavelength and (d)
Mean-free-paths. Black solid lines show the bulk thermal conductivity accumulation as reference.
We also consider SiGe alloy films and predict the thermal conductivity accumulation
under different surface conditions. It is important to note that there is a significant mod-
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ification in the bulk Si0.90Ge0.10 energy spectra (with respect to bulk Si) due to the mass-
difference scattering generated by atomically heavier Ge atoms, which are effective in scat-
tering high frequency phonons. This results in the middle 60% of the energy to be carried
by phonons of mean-free-path 1 µm–500 µm (wavelength 6–60 nm) in bulk SiGe. For the
100 nm SiGe thin film, the additional phonon boundary scattering creates a dominant re-
gion of phonons with mean-free-paths ranging from 25 nm–1500 nm (2 nm–10 nm) for a
smooth boundary and 10 nm–250 nm (1.5 nm–5 nm) for a rough boundary. Effect of tem-
perature on the thermal conductivity accumulation function is also explored in Figure 2.11
for Si thin film (Si0.90Ge0.10 in inset) of thickness 100 nm with smooth (η = 0.5 nm, L =
10η) and rough (η = 1.5 nm, L = 3η) interfaces. We note that the accumulation functions
are determined by two mechanisms acting on different phonon wavelengths – increase in
temperature excites short wavelength phonons, while surfaces primarily scatter large wave-
length (and mean-free-path) phonons, suppressing their contribution [Figure 2.11(a)]. In
addition, in SiGe alloys, mass difference scattering promotes large-wavelength phonons as
dominant carriers, allowing the boundary scattering mechanism to act on a broader range
of heat-carrying phonons [Figure 2.11(b)].
Figure 2.11: Dependence of the accumulation functions on temperature (450 K in red lines and
150 K in blue lines) for Si thin film (Si0.90Ge0.10, insets) of thickness t = 100nm and rough (η =
1.5 nm, L = 3η filled symbols) and smooth (η = 0.5 nm, L = 10η, open symbols) boundaries. The
accumulation function is presented across phonon (a) wavelengths and (b) mean-free-paths.
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These results show how the specific surface properties and temperatures can signifi-
cantly modify the thermal conductivity accumulation, opening a way forward to the rational
design of the semiconductor-air interfaces, which can be utilized to tailor the desired ther-
mal transport properties in nanostructures. This principle of purposely modified phonon
transport properties is illustrated in Figure 2.12, where surface properties, thicknesses, and
alloying are used to modulate the thermal energy distribution of silicon. Introduction of
alloy atoms creates a shift towards a large-wavelength energy spectra (i.e., red-shift). A
film with a perfectly smooth surface would exhibit the energy spectra of the bulk alloy
but surface roughening and thickness variations can be made to blue-shift towards shorter
wavelength spectra. A rougher interface and a smaller film size both favor blue-shift of
wavelength spectra as the effects of boundary scattering are more pronounced. As a result,
the amount of thermal energy carried by phonons with wavelengths in the range 1–10 nm
can be designed to be from ∼ 30% to 90%.
2.6 Estimating the Importance of Phonon Confinement
It is important to highlight that advances in manufacturing techniques have enabled the
production of thin films with very small thicknesses. At very small length scales, phonon
quantum effects can become important and can play an important role in heat transport
[70, 71]. Using our surface scattering and heat transport model, we show the emergence
and impact of phonon quantum confinement effects [72] in Si and SiGe thin-films. We
note that a similar function can be defined for nanowires [16]. The introduction of the film
boundaries allows for the creation of spatially confined phonons which behave as stand-
ing waves in the direction normal to the surfaces. We define a Confinement Contribution
Fraction (CCF) to quantify the potential influence of phonon confinement in thin-films.
CCF is calculated as the proportion of thermal energy conducted by phonons which can
satisfy the confinement criteria in a nanostructure. Note that confined phonons may show
modified transport properties, such as group velocities, due to coherent interference and
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Figure 2.12: Thermal conductivity accumulation (or heat spectra) modification in Si0.90Ge0.10 thin-
films at room temperature by varying surface properties and thicknesses. Bulk Si and Si0.90Ge0.10
accumulation functions are presented as reference. The proportion of heat carried by phonons with
wavelengths λ = 1–10 nm can be made to vary from 30% to 90% by tuning phonon scattering.
resultant modified dispersion relations. Thus, a thin-film whose thermal conductivity val-
ues can be highly influenced by phonon quantum confinement exhibit a higher CCF value.
The conditions that need to be satisfied by a phonon to be confined are twofold. First cri-
terion requires mean-free-paths ` be sufficiently long so that phonons can effectively “see”
the two film boundaries. Second, Si-air interfaces (which behave as boundaries of infi-
nite potential for the phonons) restrict and quantize the allowed wave vectors propagating
in the direction normal to the surfaces when brought close together. Phonons with wave-
lengths larger than 2t cos θ (where t is the thickness, and θ the angle with surface normal)
are entirely transformed to non-propagating modes, while larger k-space phonons can still
propagate but subject to confinement effects [73]. On the basis of this limiting condition,
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we define the minimum [i.e., λ1 > 2t cos θ] and upper threshold [λ2 > (2t cos θ)/5] of the
impact of confinement effects on heat conduction in Si and SiGe thin films and calculate
the Confinement Contribution Fractions, CCFmin and CCFmax, respectively [Figure 2.13(a)
and (b)]. Note that the condition for λ2 is an estimate to gauge the maximum influence of
confinement in nanostructures based on the fact that the allowed wavelengths are discrete
and quantized in a nanostructure. Specifically, the first five quantized values are separated
to a larger degree than the subsequent values, and therefore, the middle-point of an order
of magnitude change is taken as a measure of strong confinement effects (i.e., λ2). Solid
(CCFmin) and dotted (CCFmax) lines have similar values at large thicknesses because of the
inability of the phonons to see the two interfaces due to phonon-phonon scattering. For in-
termediate thicknesses, the two lines separate as the wavelength conditions begin to dictate
the possibility of confinement. At small thicknesses, even though a wide range of phonons
can satisfy the wavelength confinement conditions, only a limited number of them with
sufficiently large mean-free-paths (to form a standing wave) can show confinement. In
general, rougher interfaces exhibit smaller confinement influenced conductivity as shown
by smaller CCF values for η = 0.5 nm than η = 0.25 nm (L = 10η for both cases) and
the contribution of phonon confinement effects reduces (marked by decreasing CCF) with
increasing thicknesses. An analysis for temperature shows that confinement effects are
significantly enhanced at lower temperatures as longer wavelength (and mean-free-path)
phonons carry more heat. For example, in Si thin films of roughness 0.5 nm and L = 5 nm,
CCF = 0.02 at room temperatures for 10 nm thick structures in contrast to CCF = 0.13 at
20 K. We note that for thicker (t∼30 nm) Si thin films at room temperatures, CCF values
for typical interfacial roughness (η = 0.5 nm) quantitatively indicate that phonon confine-
ment effects are negligible, while for very smooth interfaces (η = 0.25 nm) these effects are
shown to be small. Similar trends with temperature are observed in the case of Si0.90Ge0.10
alloyed thin films (CCF = 0.05 and 0.18 at 300 K and 20 K, respectively). Importantly, the
use of only 10% Ge makes the alloyed thin films a better candidate to explore confinement
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as compared to pure Si. This is due to the efficient scattering of small wavelengths by
heavier atoms of Ge in the crystalline lattice of Si which shifts the thermal conductivity ac-
cumulation function towards larger wavelength thermal phonons as compared to crystalline
Si.
Figure 2.13: Confinement Contribution Functions (CCF) calculated at room temperature and T =
20 K for thin films with correlation lengths L = 10η and roughness (a) η = 0.25 nm (b) η = 0.5
nm. CCFmin (solid line) is the minimum contribution of confined modes to conductivity due to
mode conversion in spatially confined nanostructures, while CCFmax (dashed line) gives an upper
threshold to this contribution. Double arrows are used as guide to the eyes.
2.7 Summary
The absence of rigorous theoretical descriptions for phonon-surface interaction have
precluded the creation of truly predictive models which rely on experimentally quantifi-
able descriptors and embody key physics of phonon-surface scattering. To address this
issue, we introduced an approach to predict heat transport in nanowires and thin films by
considering the reduction in phonon mean-free-paths via the Beckmann-Kirchhoff rough
surface scattering theory along with rough surface shadowing. This approach considers all
critically relevant physical variables behind the phonon interface interactions and phonon
transport viz. phonon momentum, angle of incidence of phonons with the surface, surface
roughness and surface correlation length. We developed a model that could determine the
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energy distribution using the thermal conductivity accumulation function across phonon
mean-free-paths and wavelengths in Si and SiGe nanowires and thin films with varying
surface conditions. The applicability of our model is demonstrated by the excellent agree-
ment with a range of experimental measurements. These results help to fundamentally
understand heat transport at the nanoscale and provide a route to accurately establish the
transport mechanisms with the use of experimentally quantifiable parameters.
39
CHAPTER 3
EVOLUTION OF THERMAL FLUX IN ASYMMETRIC THIN-FILMS
3.1 Introduction
Although studies on the reduction in thermal conductivity of nanoscale thin films have
attracted significant interest in recent years [13, 27, 28, 63, 74–78], the spatial distribution
of the heat flux and the possibility of modulating the flow of thermal energy within the
nanostructure have received little attention. In this chapter, we study the effect of distinct
surface properties on thermal transport in asymmetric thin-films. Previously in Chapter 2,
we showed the development of thermal transport model for thin-films that assumed that
the thin-film was symmetric, i.e. both the boundaries possessed identical surface features.
Here, we extend the previous model to move beyond the symmetric nanostructure approx-
imation and use the developed model to study the role of film thickness, alloying, and
temperature on spatial distribution of thermal flux within thin films. We show that design-
ing the physical properties of thin-film surfaces provides a control over the path taken by
the thermal energy; for example, whether heat flows close to a surface or near the center
of the film. We also show the strong dependence of these spatial flux profiles on the film
thickness, temperature and alloying. The results presented in this work are valuable for the
interpretation of theoretical and experimental measurements of thermal conductivities in
semiconductor thin films, especially in the general case where the two surfaces of thin films
may possess distinct surface specularities independent of one another, for which currently
there are no theoretical models that can connect computations with measurements. Our
findings help to advance the understanding of the nature of thermal fluxes within reduced
Portions of this chapter have originally been published in [14] “Spatial Manipulation of Thermal Flux in
Nanoscale Films” (2017), Nanoscale and Microscale Thermophysical Engineering, Vol. 21 (3), published by
Taylor & Francis.
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geometries and provide an avenue for better integration of experimental and computational
research efforts in the area of nanoscale thermal transport.
3.2 Methodology
The failure of Fourier’s laws at small length and timescales in nanoscale thin films
marks a shift away from fully diffusive transport to a quasi-ballistic regime and necessitates
the treatment of heat conduction via phonon transport. In the kinetic picture of quasi-
ballistic transport, since the mean-free-paths of heat conducting phonons are longer than
the thickness of the thin-films, it causes a change in their ability to conduct heat. In the
phononic populations approach, this change in thermal properties can be understood as the
deviation of phonon populations away from equilibrium. Here, we show two equivalent
methodologies that approach this transport physics in thin-films from the kinetic picture
and phononic population perspective, respectively.
3.2.1 System Description
The system of interest is a thin-film [Figure 3.1, top], of thickness t. The surfaces of the
thin-film are assumed to be independent of each other, thus have distinct surface properties
in general. These distinct surface properties give rise to their individual specularity pa-
rameters, denoted as pL and pU for the lower and upper surface, respectively. Importantly,
in both the formulations the surface specularity p is not an arbitrary parameter but rather
describes the physical interactions between phonons and thin-film boundaries and depends
on the surface characteristics (roughness and correlation length) and phonon properties (in-
cident angle on the surface and momentum), and physically represents the proportion of
phonons that are specularly scattered upon interacting with the surface.
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Figure 3.1: Top: Schematic representation of phonon transport in thin films where phonons orig-
inating at point O inside a thin film of thickness t move under a thermal gradient ∇T along the
in-plane direction. In the figure, the wavevector k leads the phonon toward the upper surface pos-
sessing surface specularity pU and upon scattering is directed toward the lower surface possessing
surface specularity pL. Bottom: Schematic representation of heat flux spatial distribution within
thin films depending on the surface conditions (smooth or rough) of the boundaries.
3.2.2 Reduced Mean-Free-Path Approach
Similar to the derivation shown in Section 2.2, we evaluate the changes in phononic
mean-free-paths `. Here, however, since the two surfaces are distinct, the model needs to
differentiate among phonons originating with positive and negative wave vectors along the
z-coordinate [Figure 3.1, top]. For example, phonons with positive kz will see first the
upper surface at z = t and will thus be first scattered at pointX ′ accompanied by change in
sign of kz. At every interaction with the upper surface, a proportion of phonons, 1−pU are
scattered diffusively. Similarly, phonons with initial negative kz interact with lower surface
at z = 0 first where 1 − pL proportion of incident phonons are scattered diffusively. By


























For phonons subsequently specularly reflected and moving between X ′ and X ′′ , the con-




























Note that the first term in Equation (3.2) represents the contribution of the fraction pU of
phonons that are specularly reflected at X ′ and the second term represents the contribution
of the fraction pU(1 − pL) of phonons that are diffusively scattered upon interacting with
the surface at X ′′ . The total reduced mean-free-path can be obtained by summing the
contributions from terms in Equations (3.1) and (3.2) and the successive terms expanded
similarly, which yields the general form of the reduced mean-free-path for a thin film with





1−Θ1 + pLpUΘ2Θ3 − (1− pU + pUΘ2)Θ3
1−Θ1
)
if kz > 0
`bulkk
(
1−Θ1 + pLpUΘ2Θ3 − (1− pL + pLΘ2)Θ3
1−Θ1
)





Θ2 = exp(−Λ∗/`bulkk ) (3.4)
Θ3 = exp(−Λ/`bulkk )
Thus, Equations (3.3) and (3.4) are used to obtain the reduced phonon mean-free-paths
which depend on the spatial position within the thin-film. Thus, the thermal flux obtained
using these mean-free-paths is dependent on the spatial position as indicated by the inte-
grand of the spatial domain in Equation (1.2).
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3.2.3 Non-equilibrium Population Distribution Approach
The local population of phonons f (r) in a thin-film under an in-plane gradient is devi-
ated from equilibrium Bose-Einstein distribution f BE . For a steady state BTE (see Equa-
tion (1.3)) applied to a thin-film, the solution to non-equilibrium phonon populations can












vk · ∇T (3.5)
where Φk is determined by the boundary conditions of the thin-film. As a result, a closed-
form solution of the BTE in terms of local phonon populations or equivalently, in terms of a
deviation function gk = fk−fBEk of phonon populations from equilibrium, can be obtained
by imposing the boundary conditions for the thin-film geometry. The boundary conditions
can be written following a balance of phonon populations incoming and outgoing from the
surfaces. The phononic deviation functions are divided into two components, g+k and g
−
k
denoting the populations with positive and negative z-components of k.
[fBE + g+k (z = 0)] = p
L[fBE + g−k (z = 0)] + [1− p
L]fBE (3.6)
[fBE + g−k (z = t)] = p
U [fBE + g+k (z = t)] + [1− p
U ]fBE (3.7)


































where the x and z in the subscripts represent the components along those Cartesian direc-
tions.
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3.2.4 Equivalence of Approaches
In order to establish the fundamental equivalence of the two mathematical interpreta-
tions of behavior of phonons i.e. the kinetic approach to model modified phononic mean-
free-paths and the deviation of phononic populations from equilibrium, we calculate the
spatially averaged thermal conductivity from the two approaches using Equation (1.2) and
Equation (1.4), respectively. We create test cases covering a range of conditions under
varying roughness, correlation lengths, temperature and thin-film thickness which are de-
tailed in Table 3.1.
Table 3.1: Test cases to examine the equivalence between reduced mean-free-path approach and
deviation of population from equilibrium approach.





U/ηU LL/ηL Temperature (K)
A 30 0.5 0.5 8 10 300
B 50 0.1 0.5 10 8 50
C 100 0.5 0.5 10 10 300
D 200 0.01 1.0 20 6 800
E 500 0.25 1.5 15 8 300
F 2000 0.5 0.5 10 10 300
Average conductivity is evaluated using the gradient along with the integral of local
flux distributions over the thickness of the film. The comparison of the conductivities is
presented in Figure 3.2, from which it is evident that the two approaches generate nearly
identical values of thermal conductivities for different values of thickness and surface prop-
erties which establishes the equivalency between the methods. The adjusted R-square of
the linear fit between calculated values from the two approaches for the six cases is>0.999,
establishing the equivalence. Since the two approaches are mathematically equivalent, fur-
ther analysis can be conducted by proceeding with any of the two methods without any
loss of generality. In Section 3.3, we choose to use the reduced mean-free-path approach
to calculate transport properties for two major reasons. Firstly, reduced mean-free-path ap-
proach preserves the mean-free-paths of phonons explicitly which are an important phys-
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ical quantity especially for rational design of materials and in understanding behavior of
phonons and heat at nanoscale. Secondly, a higher computational efficiency is achieved in
the numerical integration routine in reduced mean-free-path approach reducing the cost of
implementation.
Figure 3.2: Comparison between averaged thermal conductivity obtained from reduced mean-free-
path model (x-axis) and deviation function via a semi-analytical BTE solution (y-axis), showing the
equivalence of the two approaches
3.2.5 Note on Surface Specularity
To obtain the surface specularity at the distinct thin-film boundaries, we utilize our
previously developed (see Section 2.3) BK surface scattering model extended with surface
shadowing effects on heat conduction. The surface specularity p obtained from the BK and
shadowing theory contains a description of phonon–surface scattering that accounts for its
dependence on all relevant physical variables – phonon properties (momentum and incident
angle θi via the wave-vector k) and surface characteristics (roughness η and correlation
length L); that is, p = p(k, θi, η,L).
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3.3 Results and Discussion
Using our approach, we move beyond simplifying assumptions about phonon-surface
scattering (e.g., constant specularity or complete diffuse scattering) in thin films and con-
nect the physical properties of general surfaces with the spatial distribution of the thermal
flux within the thin films. We note that the analogy between transport of momentum, heat,
and mass has been central in many fields of engineering [10]. For continuum fluids, the “no-
slip” condition at a solid-fluid interface generates fluid flux spatial distributions in a number
of interesting fluid phenomena, including the dynamics of falling films, flow in confined
geometries, and boundary layers. Interestingly, such no-slip behavior of momentum-flux
has no classical analogue in thermal transport at the continuum bulk scale. However, the
existence of spatial boundaries in thin films creates a thermal flux that is a function of the
spatial location within the film, analogous to fluid dynamics.
Before analyzing the effects of surface conditions on local heat flux distributions, we
apply our methodology to a particular case of a thin film of thickness t = 100 nm at room
temperature under a temperature gradient (1 K/µm) with equal surface properties on the
two very rough boundaries (i.e., complete diffusive scattering). Figure 3.3 shows the ef-
fect of phonon–surface interactions on the local heat flux and quantitatively shows that heat
conduction in a thin film with completely diffusive boundaries can be considered analogous
to no-slip fluid flow in a rectangular pipe with fixed walls in the sense that the thermal flux
reaches a maximum at the center. However, a clear distinction between momentum and heat
transport in the form of a nonzero local value of heat flux near diffusive domain boundaries
should be noted. The physical mechanism behind this spatial dependence of thermal flux
distribution is the momentum randomization of diffusively scattered phonons at the sur-
faces, which reduces the phonon mean-free-paths depending on the distance between the
surface and the point where the phonon originates [Figure 3.1]. The agreement in the val-
ues of normalized flux for the particular case of identical diffusive surfaces [79, 80] serves
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as validation of the reduced mean-free-path methodology. Our proposed model, however,
allows us to consider more general and realistic surface conditions, including different sur-
face roughnesses and correlation lengths, as well as independent surface conditions on the
two boundaries of the films.
Figure 3.3: Comparison of normalized heat flux in a 100nm Si thin film with fully diffusive upper
and lower surfaces calculated by the reduced mean-free-path model (this work), Monte Carlo simu-
lations [79], and variance-reduced Monte Carlo calculation [80]. A maximum flux value is used for
normalization.
Next, we use the flexibility of our reduced mean-free-path approach in terms of being
able to treat general surface properties and study thermal transport properties and spatial
distributions of thermal energy in thin films with surfaces possessing different roughnesses.
We first analyze the effect of surface conditions on thermal flux distribution in a silicon
thin film. We introduce a spatial asymmetry in the nanostructure by changing the surface
properties of the boundaries of the thin film. Specifically, the roughness η (and correlation
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length L) for the upper surface is fixed to be ηU = 4 nm (LU = 10ηU ), and the surface prop-
erties of the lower surface are varied by changing the surface roughness to be ηL = 0.25,
0.50, and 4.0 nm and maintaining the correlation length-to-roughness ratio (LL = 10ηL).
In Figure 3.4, we show the existence of a thermal transport regime where heat conduction
is spatially asymmetric, and the root of such a phenomenon lies in the differential behavior
of the surface boundaries. As seen in the central panel of Figure 3.4, in a silicon film of
thickness t = 100 nm at room temperature, a roughness reduction at the lower surface (and
corresponding correlation length) compared to the upper surface is accompanied by an in-
creased asymmetry in the thermal flux, with more heat current flowing through the lower
half of the film, as indicated by the increasing difference between the values of the thermal
flux at the two boundaries. Additionally, the locus of peak flux shifts toward the lower
surface as the difference in the roughness between the two boundaries is increased; that is,
a larger proportion of thermal energy flows through the lower half of the thin film. Another
key aspect of the flux profiles is the forward shift in the overall heat flux values correspond-
ing to a net higher conduction in films with smoother surfaces. These results quantitatively
show how an asymmetry in the surface properties of the two thin-film boundaries creates
an asymmetry in the thermal flux within a thin film. Figure 3.4(a-c) show that the impact of
distinct surface conditions on flux distributions is maintained across different thicknesses
t = 10, 100, 1000 nm. Note that the magnitude of flux increases overall with increasing
thickness because the thermal transport at these length scales is quasi-ballistic and depen-
dent on the size of the nanostructure. Importantly, the shape of the spatial flux diagram
shows that, at an increased thickness [Figure 3.4(c)], the difference between the flux con-
ducted near the edges of the thin film and at the center significantly increases. We also show
in Figure 3.4(b,d,e) the impact of changes in temperature on the spatial distribution of ther-
mal flux. A stronger role of the interfaces at lower temperatures is observed in the effective
thermal flux due to the larger bulk phonon mean-free-paths. The changed magnitude of flux
with temperature is also a consequence of modified internal scattering rates, with reduced
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phonon-phonon scattering rates occurring at lower temperatures. For the range of temper-
atures considered (T = 100, 300, 700 K), the effects on the internal spatial distribution of
the thermal energy is less pronounced than those arising from a change in the thickness of
the film. Importantly, we have shown that heat flow can be manipulated to move closer to
the center or near a surface of the film by purposely modifying the surface properties.
The observed behavior showing larger heat flux near smoother interfaces leads us to
postulate that whereas a very rough diffuse boundary is analogous to fixed walls in fluid
flow, a surface with small roughness (and in the limiting case of unity specularity) would
be analogous to a plug fluid flow regime [10]. We note that a surface boundary with spec-
ularity p = 1 requires perfectly smooth thin-film boundaries devoid of any surface pertur-
bations, which are difficult to create in experimentally grown Si nanostructures [35, 61].
Figure 3.5(a) shows normalized thermal flux profiles in thin films with limiting theoretical
surface specularity values p = 0 (completely diffuse) and p = 1 (completely specular) for all
phonons irrespective of their wavelength or incident angle. It is clearly seen that the heat
flux near a diffusive boundary is suppressed, whereas phonon conduction near a specular
boundary is less affected. Interestingly, when both surface boundaries are entirely specular,
a constant thermal flux profile is obtained, analogous to a “perfect plug flow” fluid veloc-
ity profile in a closed conduit. In this specular case, there is no randomization of phonon
momentum upon encountering the surface, and the thermal flux is transported uninhibited.
Such a constant thermal flux profile is also expected in bulk crystals. A nearly perfect plug
flow is found in films with thicknesses in which the effects of the boundaries and interfa-
cial phonon dynamics are negligible, as shown in the heat flux distribution calculated for a
film of t = 100 µm at room temperature [Figure 3.5(b)]. Most of the volume in a 100 µm
silicon film is far away from the influence of the boundaries and exhibits a nearly constant,
surface-independent flux similar to a perfect plug flow regime. Still the phonons close to the
surfaces still interact with the boundaries (despite the overall dominating effect of internal

































































































































































































































































































Figure 3.5: (a) Normalized thermal flux profiles in an Si thin film with varying surface conditions
(limiting cases p = 0 and p = 1) are shown for a film thickness of t = 100 nm at room temperature.
(b) Nearly ideal plug flow profile development in very thick films where variations in thermal flux
spatial distribution is constrained around the boundaries.
Thus, the thermal flux deviates significantly from the bulk value only at spatial locations
in the vicinity of the thin-film boundaries. However, because this deviation occurs in a very
small spatial domain (compared to the overall thickness of the film), the averaged thermal
conductivity is nearly unaffected by the deviations from plug flow flux profile in such large
thickness films.
3.4 Summary
In this chapter, we analyzed the most general case of thin films; i.e., films with bound-
aries possessing independent surface properties. To study heat conduction processes in such
thin-films, we developed two approaches. The first approach is based on determining the
reduced phonon mean-free-path while the second approach is based on solving BTE to ob-
tain non-equilibrium phonon populations. After establishing their equivalence, the former
approach was utilized to evaluate thermal fluxes. We found that heat flux can be engineered
to flow close to a surface or near the center of the film. We also showed the existence of heat
transport regimes resembling fluid flow in confined geometries. The development of asym-
metry in thermal flux with increasing difference between interface roughness properties
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were established. The results in this chapter show that computational tools with accurate
boundary scattering mechanisms can yield insights about thermal transport phenomena and
underscore the importance of interfacial phonon dynamics in heat conduction pathways in
nanostructures. Furthermore, the methods described here move beyond the commonly used
diffuse scattering surface assumptions, enabling the surfaces of nanostructures to be pre-
cisely described, strengthening the predictive power of models.
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CHAPTER 4
THERMAL TRANSPORT IN NANOTUBES
4.1 Introduction
One-dimensional nanostructures such as nanowires, nanotubes, and nanofibers have
exhibited potential in the development of more efficient thermoelectrics [32], electronics
[82, 83], optoelectronics [84, 85], and catalysts [86, 87]. The continuing advances in both
top-down and bottom-up growth of semiconductor nanostructures have enabled the creation
of novel 1-D morphologies which include nanotubes (or tubular nanowires) [88, 89], core-
shell heterostructures [90–92], and wires with different cross-sectional geometries [36, 93].
Here we focus on tubular nanowires or nanotubes, which have been experimentally studied
recently and have been identified as potential energy materials [94, 95].
As we noted in previous chapters, the change in thermal transport properties in nanoscale
semiconductors from their bulk values stems from the modifications in the transport dynam-
ics of phonons. Despite their vast potential in thermal applications, a precise understanding
of phonon transport in semiconductor nanotubes and the role of interfacial properties has
remained limited. Early numerical and analytical attempts to model thermal transport in
nanotubes had relied on the simplified assumption of frequency-independent phonon mean-
free-paths (i.e. ‘gray approximation’) [96]. Atomistic simulations while accounting for the
broadband nature of phonon transport, have remained limited to very small structural sizes
owing to their high computational requirements [92]. The treatment of boundaries with-
out considering experimentally quantifiable surface properties such as surface roughness or
correlation lengths limits the insights provided by thermal transport models. In addition,
the use of frequency-independent specularities for phonon-boundary interactions and the
Portions of this chapter have originally been published in [81] “Thermal Transport in Semiconductor Nan-
otubes” (2019), International Journal of Heat and Mass Transfer, Vol. 130 (368), Elsevier Publishing.
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Matthiessen’s rule to combine phonon-boundary and phonon-phonon interactions into an
effective phonon mean-free-path have also prevented the accurate description of phonon
dynamics in nanotubes [97].
4.2 Model
Figure 4.1: Schematic representations of NT (red) and NW (blue) phonons within a nanotube.
(a) NT phonons interact with both inner and outer surfaces while NW phonons interact only with
the outer surface. (b) Cross-sectional view of the nanotube with the projections of the phonon
trajectories.
We show in Figure 4.1, a nanotube with inner diameter di and outer diameter do, creat-
ing a silicon shell of thickness ts. We note that in a nanotube there are inner and outer sur-
face boundaries which in general can have distinct characteristics from each other. Phonons
in nanotubes can be classified on the basis of the presence (or absence) of interaction with
the inner boundary based on their angle of propagation and point of origin O within the
nanowire. Phonons that interact with both the inner and outer boundaries are termed as
NT phonons and are shown with red arrows, while phonons that propagate unperturbed
by the presence of the inner silicon-air interface are termed as NW phonons and shown
with blue arrows. The thermal gradient is applied along the axial direction of the nanotube.
Figure 4.1(b) is the two-dimensional projection of the phonon transport within a nanotube
showing the successive reflections of phonons at the surfaces for both NT and NW phonons.
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At each of these phonon-surface interactions, part of the thermal energy is specularly re-
flected while part is lost due to diffusive phonon scattering occurring at the surfaces. We
note that our model can selectively incorporate this fundamental difference between the
propagation properties of NT and NW phonons in addition to the specific surface scattering
properties at the internal and external boundaries. Prediction of thermal transport properties
such as thermal conductivity in nanotubes requires analysis of both NT and NW phonon
contributions to thermal energy transport. The thermal transport properties of NT phonons
are captured via a novel formalism accounting for the reduction in their mean-free-paths
upon interaction with the inner and outer boundaries each with its individual specularity
pin and pout, respectively. Note that this model of NT phonons is directly derived from the
method for asymmetric thin-films shown in Section 3.2. At every phonon-outer boundary
scattering, 1−pout proportion of phonons are scattered diffusively, while 1−pin are diffu-
sively scattered at the inner boundary. For NT phonons with initial propagation direction
towards the outer nanotube boundary, the reduced phonon mean-free-paths are calculated
as follows,
`NT-modek,r,θ,surface-properties =
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where the specularities pin and pout of inner and outer nanotube surfaces depend on k,
r, η, and L i.e. phonon wave number and angle of propagation θ, spatial position along the
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propagation direction, surface roughness and correlation length, respectively. The symbols
Λ = OA, Λ∗ = AB(= BC) correspond to the distances depicted in Figure 4.1(b). The
reduced mean-free-paths for phonons with their initial propagation direction towards the
inner surface can be analogously evaluated by exchanging pin and pout in Equation (4.1).
Note that the sum over infinitely large number of scattering events determines the reduced
mean-free-path of the NT phonons. In contrast to NT phonons, the thermal transport prop-
erties of NW phonons, as their name suggests, are similar to those in nanowires (see Chap-
ter 2) since in this case the phonons are unperturbed by the presence of the inner boundary
of the nanotube [blue modes in Figure 4.1(b)]. For NW phonons, a simpler expression for
the reduced mean-free-paths can be obtained similar to Equation (2.5).
The interaction of phonons with the nanostructure boundaries is the key factor that
allows for a control over thermal transport properties at the nanoscale and their modifica-
tion from bulk values. The influence of boundaries on thermal transport becomes stronger
with reducing dimensions and the corresponding increase in surface-to-volume ratio. Thus,
it is imperative to consider rigorous descriptions of phonon-boundary scattering to accu-
rately predict thermal phonon transport. To describe the phonon-boundary interaction in
the nanotube, we use the Beckmann-Kirchhoff surface scattering model and surface shad-
owing approach (detailed in Section 2.3) to determine the surface specularity p, which is
the proportion of phonons that are specularly reflected upon interacting with a boundary
(the proportion 1− p is diffusely scattered).
4.3 Results and Discussion
4.3.1 Role of Shell Thickness
A key indicator of phonon transport in nanostructures is the surface-to-volume ratio,
and for nanotubes it is inversely proportional to the shell thickness ts. Thus, we start our
analysis by quantifying the impact of shell thickness on thermal conductivity κ by con-
sidering a pure Si nanotube and two silicon-germanium alloy nanotubes – Si0.90Ge0.10,
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Si0.95Ge0.05, all with fixed outer diameter do of 100 nm [Figure 4.2]. The outer diameter
selection is similar to previously experimentally grown crystalline nanotubes [95]. We fix
the correlation length L to be ten times the roughness η for simplicity in analysis [16]. We
also consider bulk dispersion relations apply, as the coherent effects and quantum confine-
ment are expected to be small at the temperature and structural conditions (thickness and
roughness scales) considered in this study [52, 98]. Additionally, for the scattering from
small proportion of Ge atoms in a Si host, we use effective medium approach based on
Rayleigh scattering of phonons from a virtual crystal of Si and alloyed Ge. This approach
has been shown to accurately provide the bulk SiGe thermal conductivity dependence on
alloying with Ge [53, 54].
Figure 4.2: Thermal conductivity of nanotubes at room temperature as a function of shell thickness
ts for (a) crystalline silicon, (b) silicon nanotubes with 10% alloyed germanium, and (c) silicon
nanotubes with 5% alloyed germanium. The outer diameter do is 100 nm and the inner and outer
boundaries are assumed to have identical surface properties η.
We show in Figure 4.2 how for all the cases increasing surface roughness reduces the
thermal conductivity of the nanotube due to more diffusive scattering of phonons at bound-
aries. Additionally, we show that the reduction in nanotube shell thickness leads to a de-
creasing thermal conductivity owing to the increased surface-to-volume ratio. Note that,
in contrast to nanowires, nanotubes provide an avenue to access lower thermal conduc-
tivity regimes even with large experimentally realizable outer diameters, making them a
promising candidate for low thermal conductivity applications.
58
4.3.2 Predictions of Thermal Spectra
To elucidate the thermal transport mechanisms in nanotubes and understand the effects
of impurity atoms in host lattice and surfaces, we next predict and analyze the frequency
and mean-free-path thermal conductivity accumulation functions for several different struc-
tural and physical nanotube conditions. These heat spectra are the foundational basis for
Figure 4.3: Frequency heat-spectra (or normalized thermal conductivity accumulation functions)
for (a) bulk Si (gray line), 100 nm diameter Si nanowires (black), and Si nanotubes of outer diameter
100 nm and shell thickness 10 nm (red) at room temperature. The effect of alloying is shown in (b)
where the spectra for bulk Si0.90Ge0.10 is shown in gray and for an alloyed nanotube in blue. Si
nanotubes are shown for reference in red as in (a). The solid and dotted lines represent surface
roughnesses of η = 0.1 and η = 1.0 nm.
Figure 4.4: Mean-free-path heat spectra for (a) Si nanotubes (red) and nanowires (black) and (b)
Si (red) and Si0.90Ge0.10 nanotubes (blue) at T = 300 K. Solid and dotted lines represent surface
roughnesses of η = 0.1 nm and η = 1.0 nm, respectively. Bulk heat spectra are shown in gray.
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designing thermal materials for targeted applications (see Section 2.5). Starting with bulk
Si, our calculations show that at room temperature, the addition of alloy atoms impacts the
amount of heat carried by high frequency phonons strongly, moving the middle 60% of heat
spectra from the range 1–4 THz [Figure 4.3(a), solid gray line] to low frequency phonons
with frequencies < 1 THz [Figure 4.3(b), solid gray line]. That is, there is red shift in the
phonon frequency spectrum. The mean-free-path spectra for bulk Si [Figure 4.4] shows a
corresponding shift towards larger mean free paths when Ge alloy atoms are present. We
note that with Ge alloying, phonons with smaller mean-free-paths (also, higher frequen-
cies) are scattered efficiently due to Rayleigh scattering by impurities (i.e. τ∼ω4), causing
the proportion of heat transported by large mean-free-path phonons to increase. For ex-
ample, we find that for alloyed nanotubes with smooth surfaces, 20% of heat is carried by
phonons of mean-free-paths larger than 10 µm in agreement with results from nanowires
(see Chapter 2). In addition to alloying, surface scattering provides an extra degree to fur-
ther tailor the frequency and mean-free-path heat spectra. For example, a Si nanowire of
outer diameter do = 100 nm and roughness η = 0.1 nm [Figure 4.3(a), solid black line] has
its heat spectra blue-shifted to high frequencies with respect to bulk silicon [Figure 4.3(a),
solid gray line]. The corresponding mean-free-path spectra moves towards smaller mean-
free-paths. This blue-shift in heat spectra arises due to the presence of phonon-boundary
scattering, which primarily reduces the mean-free-path of low-frequency phonons since
high-frequency phonons have short mean-free-path phonons and are not able to interact
with the boundaries. Importantly, nanotubes allow leveraging the phonon-boundary scat-
tering mechanisms to strongly manipulate the heat spectra. For instance, a Si nanotube of
the same outer diameter do of 100 nm and roughness 0.1 nm on inner and outer boundaries
and with a shell thickness ts = 10 nm [Figure 4.3(a) and Figure 4.4(a), solid red line] shows
a stronger blue shift to higher frequencies and shorter mean-free-paths than a nanowire
of the same outer diameter. Furthermore, the effect of increasing roughness tends to blue
shift the spectra to high frequencies as evidenced by the spectra of a nanotube with 1 nm
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Figure 4.5: Thermal conductivity of Si nanotubes as a function of both inner and outer surface
roughness ηin and ηout with (a) shell thickness ts = 4 nm and (b) shell thickness ts = 40 nm. Both
nanotubes have outer diameter do = 100 nm.
roughness on both inner and outer boundaries Figure 4.3(a) and Figure 4.4(a), dashed red
line]. Small surface roughness is therefore more appropriate from a thermal wave-effect
perspective, as lower frequencies and larger mean-free-paths are better suited for coherent
phonon manipulation in nanostructured materials. Note that SiGe alloy nanotubes can help
to reduce the thermal phonon frequencies with respect to Si nanotubes [Figure 4.3(b), blue
vs red lines], while preserving a long range of mean-free-paths [Figure 4.4(b), blue lines].
For instance, in Si NT with surface roughness η = 1 nm, the middle 60% of heat is carried
by phonons of ∼ 3–10 THz frequency range and 10–60 nm mean-free-path range. With
alloying, the frequency range red-shifts to 1.5–4 THz, while mean-free-paths shift to 3–70
nm.
4.3.3 Role of Different Inner and Outer Surface Conditions
Since in general the inner and outer surface nanotube surfaces could be exposed to dif-
ferent processing conditions, we next study phonon thermal transport in nanotubes where
the inner and outer surfaces have different roughnesses. We consider two nanotubes: a thin
shell nanotube with ts = 4 nm and a thicker nanotube with ts = 40 nm. The outer diameter
for the thin shell nanotube is do = 100 nm, similar to experimental grown nanotubes [95].
The choice of these nanotubes allows for an analysis over a wide spectrum of structural
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dimensions. For a thin-shell nanotube (i.e. ts = 4 nm) [Figure 4.5(a)] the thermal con-
ductivity is more affected by the inner roughness in contrast to a nanotube with thicker
outer shell (i.e., ts = 40 nm) [Figure 4.5(b)]. The differential influence of inner boundary
properties on thermal conductivity arises due to higher number of NT phonons in a thinner
shell nanotube than a thicker nanotube. In a thicker shell nanotube, NW phonons, which
remain unperturbed by the presence of inner surface conditions, are in higher proportions.
It can also be observed that the thermal conductivity of Si nanotubes reduces with increas-
ing roughness of surfaces, approaching a saturation roughness (or asymptotic behavior)
indicative of the onset of nearly fully diffusive surface (pin ∼ pout ∼ 0). The saturation
roughness is expected to be a function of the temperature following the mean-free-path heat
spectra described previously. At room temperature this saturation roughness value is found
to be in the order of η ∼ 2 nm.
Figure 4.6: The thermal conductivity for (a) Si nanotubes and (b) Si0.90Ge0.10 nanotubes as a
function of outer diameter with varying surface roughnesses. Black and blue lines correspond to
thicker shell (ts = 40 nm) nanotube while wine and red lines correspond to thinner shell nanotube
(ts = 4 nm).
To understand the correlation between the outer diameter, surface properties, and ther-
mal conductivity, we next fix the shell thickness ts as 4 nm and 40 nm while varying the
outer diameter for Si [Figure 4.6(a)] and Si0.90Ge0.10 [Figure 4.6(b)] nanotubes. The start-
ing point of every curve at small outer diameters corresponds to the thermal conductivity
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when the inner diameter approaches zero (i.e. when the nanotube approaches a nanowire).
In both Si and Si0.90Ge0.10 nanotubes, the effect of a higher surface roughness leading to
a lower thermal conductivity than smoother surface nanotube is observed. The thermal
conductivity for the cases with two surfaces having distinct roughnesses (solid lines) are
different from one another and show differential sensitivity to changing outer diameter
highlighting the role of individual properties. The conductivity behavior with diameter in
both these cases is a consequence of changing proportion of NT and NW modes in these
structures, since for a fixed shell thickness, a larger outer diameter causes more phonons to
interact with the inner surface transforming more NW phonons to NT phonons. We note
that the sensitivity of thermal conductivity to increasing outer diameter for thin nanotubes
is diminished as they begin to approach a ‘thin-film’ like structure [96].
4.4 Summary
We analyzed the behavior of thermal energy transport in an emerging class of one-
dimensional nanomaterials viz. semiconductor nanotubes. Using frequency-dependent
phonon properties and quantifiable surface properties, we presented a rigorous physical de-
scription of heat conduction that captures the underlying phonon dynamics in these novel
nanostructures. Our model allowed us to evaluate nanotube thermal conductivities for a
wide range of material and structural properties including alloying, outer diameters, shell
thicknesses and temperatures; while preserving the ability to treat the two surfaces inde-
pendently with their distinct roughnesses. The independent treatment of the two surfaces
was used to explain their differential role in thermal transport in these nanostructures. We
concluded that in general, the thermal conductivity of the nanotube depends on the outer
diameter even for the same shell thickness. We showed that the experimentally observed
independence between these quantities could be explained by a combination of addition of
impurity atoms to the Silicon lattice and surface roughness. The frequency and mean-free-
path heat spectra showed in this thesis are a critical step towards fully discerning thermal
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conduction in these nanostructures and moving towards a guided material design. The
methodology and the results of this chapter provide a fundamental understanding into ther-
mal transport phenomenon in low-dimensional nanotube structures.
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CHAPTER 5
PHONON COUPLING IN SEMICONDUCTOR BI-LAYERS AND TRI-LAYERS
5.1 Introduction
The ability to reduce heat conduction at nanoscale has been propelled by advances
in the understanding of phonon transport processes in semiconductors. In recent years,
suppression of thermal conduction by orders of magnitude has been achieved through the
diffuse scattering of phonons at nanostructure surfaces. Nanowires, thin-films, nanotubes,
superlattices, polycrystals, and nanocomposites with extremely low thermal conductivities
have been introduced which find applications as efficient thermoelectric materials [14, 16,
17, 25, 31, 32, 52, 54, 64, 99–104]. Nanostructuring has thus primarily been used to
reduce the thermal conductivities for a wide range of temperatures, and was the underlying
motivation of Chapters 2 to 4.
However, under a rational material design paradigm to create thermal materials, it is
paramount to possess the ability to achieve both very low and very high thermal conductiv-
ities. Accessing the ability to enhance thermal conduction at nanoscale requires the devel-
opment of novel approaches based on a deep understanding of phonon transport behavior.
Furthermore, progress in many technological areas is hinged upon enhancing thermal trans-
port. For instance, the performance of micro- and nano-electronic devices is hindered by
the creation of hot-spots and high working temperatures as small sizes limit efficient heat
dissipation (see Chapter 1). This need to obtain increased thermal conductivities has also
motivated recent efforts to study the effects of interfacial disorder [105], extremely low
Portions of this chapter have originally been published in [18] “Enhancing Thermal Transport in Layered
Nanomaterials” (2018), Scientific Reports, Vol. 8 (1880); in [23] “Modulating Thermal Conduction via
Phonon Spectral Coupling” (2018), Journal of Applied Physics, Vol. 124 (124302); and in [22] “Unconven-
tional Thermal Transport in Thin Film-on-Substrate Systems” (2018), Journal of Physics D: Applied Physics,
Vol. 51 (365302). Reproduced from [18] under a CC BY 4.0 License, from [23] with permission from AIP
Publishing, and from [22] with permission from IOP Publishing.
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temperature [106], and texturing of interfaces [107] on changes in thermal conductance.
Additionally, being able to devise physical mechanisms that would allow to increase ther-
mal conduction is of crucial importance in the efficiency of electronic and optoelectronic
devices. For example, long laser lifetimes necessitate an upper bound on the temperature of
active layers thus making efficient heat removal a crucial aspect of designing laser systems
[22]. In addition, heat accumulation in the depletion layer of photo-detectors can lead to
device failure at high optical power [108]. An increase in dark current with temperature
leading to increased power dissipation can also result in thermal runaway and failure [109].
In contrast to the extensive amount of work on achieving reduced thermal conduction in
nano systems, approaches that can enhance thermal conduction have been limited. In par-
ticular, increased thermal dissipation in thin-films and layered nanomaterials would have a
critical impact on performances of electronic and optoelectronic devices.
In this chapter, we formulate a mathematical model to study thermal transport in lay-
ered nanomaterials based on solving the BTE for non-equilibrium phonon populations. We
briefly discussed such method in Chapter 3 for free-standing thin-films. Here, we show a
more generic development that can account for both backward scattering (i.e., reflection)
and forward scattering (i.e., transmission) of phonons at an interface between two nanos-
tructured semiconductors. Using this model, we elucidate the role of phonon coupling on
the local thermal conductivity of each layer in the structure. Specifically, we show the im-
pact of phonon coupling on thermal conductivity of Si and Ge layers in a Si-Ge-Si tri-layer
structure and highlight that phonon coupling can be used to enhance the thermal conduc-
tivity of the Ge layer. We analyze the root-cause of such an occurrence with our model
and study the role of different structural parameters, including surface properties and layer
sizes. Finally, we apply the model to technologically important structures, i.e. film-on-
substrate architectures (FOS), and show that thermal conduction in these film-on-substrate
systems is distinct from free-standing thin films highlighting the role of phonon coupling
for design of devices and in interpreting read-out from experiments.
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5.2 Method
Figure 5.1: (a) A tri-layer architecture (A-B-A) made of an embedded B layer with thickness t2 and
cladding A layers with thicknesses t1. The roughness of the inner surface between embedded and
cladding layers is ηin and the roughness of the cladding-air outer interface is ηout. Arrows illustrate
the phonon injection mechanism, wherein phonons from the cladding layers A couple across the
inner interface to net replace phonons in the embedded layer B. As a result of phonon coupling, the
thermal conductivity κB of the embedded layer can be enhanced or reduced from the free-standing
thin-film value κB-free as shown in (b). Note that the arrow colors are illustrative, and phonons in
each layer have the dispersion and relaxation rates of the corresponding layer material (i.e., after
coupling, phonons do not keep the properties of the layer in which they originated).
We first analyze tri-layer systems comprising an inner embedded layer of material B,
which is cladded on both the sides by layers of material A with same thickness [Figure 5.1]
to create A-B-A layered architectures. The inner interface between embedded and cladding
layers and the outer interface between cladding layers and air have different surface prop-
erties. Thus, the tunable structural properties that determine phonon transport are the thick-
nesses of the layers and the inner and outer surface properties. To study the fundamental
phonon transport processes occurring in these structures, we use the Boltzmann transport
equation, which allows to accurately incorporate detailed surface characteristics in thermal
conductivity numerical predictions. The general solution of phononic population f i can be
obtained in terms of the deviation in phononic population g i from the equilibrium distribu-
tion f BEi in layer i, at a distance z from the interface upon application of a gradient ∂T/∂x
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where vi|x denotes the x-component of the phonon group velocity v, τ is the relaxation time,
θi is the angle of incidence at the interface, and Φ±i are determined by requiring the phonon
distribution function to satisfy the boundary conditions described below. We note that g±
depends on the direction of phonon propagation indicated by + and - symbols for positive
and negative z-components of the wave-vector, respectively. The boundary conditions for
the tri-layer system at the outer cladding-air interfaces are,
g+1 = pout g
−
1 at z = 0 (5.2)
and,
g−3 = pout g
+
3 at z = t1 + t2 + t1 (5.3)
where pout is the specularity of the cladding air interface and t2 is the thickness of the
embedded layer (i = 2), which is cladded between two layers of t1 thickness each (i = 1
and 3). We note that pout is a function of both surface and incident phonon properties and
can be determined using BK approach (see Section 2.3). At the inner interface between
cladding and embedded layer, in addition to a fraction of incident phonons get specularly
reflected (Pij), a fraction of phonons can also get specularly transmitted (Tij), while the rest
are diffusively scattered. An extension of the BK scattering theory is required to account
for the transmission effects and is detailed in Refs. [24, 110]. Under such an approach the
specularly reflected and transmitted phonon fractions can be obtained by,
Pij = Z
2
ij exp (−4η2k2i cos2 θi) (5.4)
1also see Equation (3.5)
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and
Tij = (1− Z2ij) exp (−η2(ki cos θi − kj cos θj)2) (5.5)
respectively. In these expressions, ki and kj are the incident and transmitted phonon
wavenumbers, θi and θi are the incidence and transmission angles, and Zij is the acous-
tic impedance between the two media across the surface dependent on the densities ρ and
phonon velocities v in the two media.
Zij =
(
ρivi cos θi − ρjvj cos θj
ρivi cos θi + ρjvj cos θj
)2
(5.6)
The role of surface conditions can be explicitly observed, and it is expected that the proba-
bility of specular reflection and transmission of phonons diminishes with increasing surface
disorder. Note that since the momentum component parallel to the surface is preserved for
specularly scattered phonons, it gives rise to the preservation of reflection angle and Snell’s
law for specular transmission.
ki cos θi = kj cos θj (5.7)
Additionally, the effects of correlations between surface asperities are quantified using the
correlation length L which impacts the coefficients Pij and Tij and is accounted via sur-
face shadowing as discussed in Section 2.3. If a particular mode is subject to total internal
reflection or there is no overlap between phonon dispersions, the phonon transmission is
Tij = 0 and there is no phonon spectral coupling. For these modes, surface scattering and
mean-free-path reduction are equivalent to those in a free-standing thin-film. By consid-






















2 at z = t1 + t2
(5.8)
Thus, numerical solutions of non-equilibrium phononic populations are obtained by eval-
uating these equations using LAPACK solvers in FORTRAN. The thermal properties of
individual layer i are then evaluated using Equation (1.2). Thus, using a mode-by-mode
numerical methodology based on the Boltzmann transport equation, we are able to include
phonon coupling at the interfaces in the computation of thermal transport properties in tri-
layer architectures. Moreover, the methodology described above can further be extended
to layered nanomaterials with arbitrary number of layers by modifying the appropriate
boundary conditions to evaluate the deviation functions for each layer, as will be done in
Chapter 6.
5.3 Results and Discussion
In order to analyze the development of thermal conductivity, we focus on a Si-Ge-
Si architecture. The mutual interaction between phonons of two layers is based on the
ability of phonons to be transmitted at the interface. In general, upon interacting with a
surface, a fraction of phonons undergoes specular reflection and transmission, while the
rest are randomized along all angular directions. First, we leverage this mutual exchange
of phonons via transmission, to increase the thermal conductivity of a germanium thin-film
embedded between silicon layers with respect to a free-standing germanium thin-film with
the same physical properties. Second, we show the origins of this increase of Ge layer
conductivity comes at the cost of the conductivity of the Si layer.
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Figure 5.2: Tri-layer superlattice nanostructure in (a). Schematic for a free-standing germanium
thin film (yellow) in (b). By embedding the germanium thin film between silicon layers (orange) the
thermal conductivity of the germanium film can be increased. The temperature gradient is applied
to the whole structure in the x-direction.
5.3.1 Enhancement of Ge Layer Conductivity
The calculated thermal conductivities of a germanium thin film in the tri-layer structure
are shown in Figure 5.3 as a function of the thickness of the silicon cladding layer tSi, where
a significant enhancement in thermal conductivity of the germanium film over the free-
standing counterpart is observed. Note that the dispersion relations in the [100] direction
were used for these calculations, as reported in literature [111]. We find that it is possible to
nearly double the thermal conductivity (>90% enhancement) of a 10 nm germanium thin-
film by using two 1 µm thick silicon samples as cladding. Two cases for the specularities
of the cladding-air interface are considered, pout = 0 and 1, to cover all possibilities in
terms of the quality of the silicon-air interfaces [15]. The germanium-silicon interface has
roughness η = 0.1 nm. A germanium thin-film with given physical properties (surface
roughness, correlation length, and thickness) without any cladding is used as the baseline
measure for comparison. It is also observed that the larger the cladding thickness, the
larger the increase in the thermal conductivity of the germanium thin film. This is because,
for larger thicknesses of the silicon cladding layers, phonon scattering at the interfaces is
reduced (see Chapter 2) and silicon phonon mean free paths are not shortened previously
to their injection in germanium. Note that the enhancement of conductivity via injection of
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phonons is not unbounded with increasing cladding thickness, rather it begins to saturate
as shown in Figure 5.3(a). Clearly, increasing cladding thickness beyond the saturation
limit is of no additional advantage from the perspective of enhancement, as the thermal
conductivity contribution of phonons that can interact with the embedded layer has already
been maximized. The specularity of the cladding-air interface is another factor that can
influence the injection of phonons into the embedded layer. At the same cladding thickness,
the observed enhancement of thermal conductivity in the embedded layer is higher for
larger cladding-air surface specularities. This behavior is consistent since a more diffuse
cladding shortens the phonon mean-free-paths, and therefore a larger thickness is required
to improve the injection efficiency. Note that at sufficiently large cladding thicknesses,
the impact of the quality of the silicon-air interface on germanium thermal conductivity
enhancement begins to diminish and in the case of a bulk silicon cladding it would be
expected that the enhancement is the same irrespective of the roughness of the cladding-
air surface. Note that coherent modifications to the phonon dispersion relations can be
neglected at room temperature owing to the choice of embedded layer thicknesses [112].
Figure 5.4 show the impact of silicon-germanium interface roughness on the increased
thermal conductivity of the germanium film. Significant enhancements (∼100%) in ther-
mal conductivities of the 10 nm embedded layer with roughness values in range of η =
0.1–0.4 nm can be achieved by using 1 µm silicon layers as cladding. Additionally, with
increasing thickness of the embedded germanium layer, the maximum enhancement is re-
duced as the cladding is only able to inject phonons into a part of the thicker embedded
germanium film. That is, the proportion of region in the germanium layer that is able to
augment its local conductivity with the injected phonons from silicon decreases, leading to
a smaller enhancement in thermal conductivity. Another interesting observation is that the
thermal conductivity of a germanium thin-film can be enhanced beyond the bulk thermal
conductivity of germanium at room temperature (60 W/m-K) using the described tri-layer
architecture. However, it is important to note that the thermal conductivity enhancement in
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Figure 5.3: Increased thermal conductivity. (a) Colored areas show the enhancement in the thermal
conductivity of a germanium thin film as a function of increasing thickness of the silicon cladding
layer. The top and bottom lines correspond to silicon-air surface specularities p = 1 and p = 0, re-
spectively, covering all possibilities in terms of surface roughness. The germanium-silicon interface
has roughness η = 0.1 nm and correlation length L = 20η. (b) Enhanced thermal conductivity of an
embedded germanium film (solid lines) with respect to a free-standing germanium thin film (dotted
lines) having the same physical properties. The germanium-silicon interface has η = 0.1 nm, L =
20η while the silicon-air surface specularity is equal to one. The temperature gradient is in the plane
of the films.
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the embedded-layer occurs at the cost of reducing the thermal conductivity of the silicon
cladding layer (as compared to a baseline silicon film of similar physical properties). In
general, the reduction in thermal conductivity of the cladding layer would depend on struc-
tural properties including layer thicknesses and roughness. For a large ratio of cladding-
to-embedded layer thickness, this reduction would be small since phonons from a small
region near the interface would be able to couple across the interface. In simple words,
the cladding layers allow for an enhancement of the thermal conductivity in the embedded
layer by injecting phonons with sufficiently long mean-free-paths across the interface.
Figure 5.4: Enhanced heat conduction. Thermal conductivity increase for the embedded germa-
nium film as a function of the silicon-germanium interface roughness. The germanium thin film
thickness is (a) tGe = 10 nm and (b) tGe = 100 nm. Color lines correspond to different thicknesses
of the silicon layers, increasing from no silicon layer to bulk silicon (indicated by red arrow). The
enhancement in the thermal conductivity of the embedded germanium film, with respect to the free-
standing germanium thin film with same properties, is observed for various surface roughnesses and
silicon layer thicknesses.
To further explain the origin of the thermal conductivity enhancement, we analyze the
transport behavior of a well-established system of a “nanoparticle-in-alloy” bulk semicon-
ductor [69, 100] and compare it with our nanostructured semiconductor. In a bulk structure,
the thermal conductivity at a point O in real space is determined on an average by phonons
coming from a spherical surface centered at that point with radius equaling the bulk mean
free path in that semiconductor. Any changes to the semiconductor structure (such as addi-
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Figure 5.5: Phonon Injection. (a) Schematic for phonon contributions to the thermal conductivity of
a germanium thin film under a temperature gradient along the x-direction. The thermal flux at point
O is carried by phonons whose last collision was, on the average, at a distance of mean free path
`TF away from O, as represented by the black circular line. For simplicity we neglect the angular
dependence of `TF. (b) When the germanium film is in contact with the silicon film, phonons from
silicon can be injected into germanium (blue). These phonons had their last collision at a larger
distance than those arriving from germanium. As a result, the effective mean free path `EFF is larger
(red) and the thermal conductivity at point O is enhanced.
tion of alloy atoms and nanoparticles) outside this “influence-sphere” can be considered to
minimally affect the thermal conductivity at the point O. On the other hand, the inclusion of
alloy atoms and nanoparticles within this influence-sphere will reduce the thermal conduc-
tivity by shortening the bulk phonon mean free paths, thereby reducing the effective radius
of the influence-sphere. Analogous to the bulk case, in the case of a free standing thin-film
[Figure 5.5(a)], the thermal conductivity at a point O inside the film is determined on an av-
erage by phonons arriving from the surface of the influence sphere (see black circular line)
given by the thin-film mean free path. We analyze the phonon trajectories and the impact
of scattering on the effective phonon mean free paths for the germanium thin film and the
tri-layer superlattice structure in Figure 5.5. The addition of the silicon cladding layers to
the germanium thin film [Figure 5.5(b)] ensures that in addition to the phonons within the
germanium layer, transmitted phonons from silicon that can couple across the interface and
reach point O are able to enhance the thermal conductivity by increasing the effective mean
free paths (red circle). This is because phonons arriving from silicon through transmission
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had their last collision on an average at a larger distance than those arriving from germa-
nium. Consequently, we show that nanostructuring does not necessarily lead to a reduction
in the germanium thermal conductivity, alternatively it can generate an enhancement of
heat conduction.
5.3.2 Reduction in Si Layer Conductivity
It is important to note that the increase of κGe should not be interpreted as an increase
in the average thermal conductivity of the structure due to the addition of material (Si) with
higher conductivity. In fact, here we show that the Si cladding layers reduce their thermal
conductivities in the Si-Ge-Si tri-layer structure. We calculate the thermal conductivity
κSi of the outer cladding layers of Si in Figure 5.6. In this system, the outer interface
is defined as the interface between the outer Si layer and air and the inner interface is
between Ge and Si layers. Note that the surface conditions of the baseline free-standing
Si film are the same as the cladding Si layer in the tri-layer structure, i.e., roughness of
the Ge-Si interface on one side and the roughness of the Si-air interface on the other, in
order to obtain a comparison with same surface conditions and independently study the
effects of phonon coupling between layers. In general, we find that κSi falls below its
corresponding free-standing thin-film value κSi-free. This result shows that the Si layer acts
as a “net injector” of phonons into the Ge layer thereby reducing its own conductivity. We
find that the reduction in κSi in comparison to κSi-free is larger for (a) thick Ge embedded
layers and (b) smooth outer surfaces. A larger reduction in κSi from κSi-free for larger tGe is
obtained since more injected phonons travel in the Ge layer reducing the mean-free-paths
below the freestanding values. For small tGe, phonons from one Si layer can travel across
the Ge layer into the other Si layer (which possesses higher transport properties) thereby
reducing their thermal conductivity to a lesser degree. In the case of a fully diffusive
outer surface, the reduction of κSi from κSi-free is small since those phonons in the Si layer







































































































































































































injected into the Ge layer. Thus, a strong shortening of phonon mean-free-paths in the
Si layer effectively reduces the injection of phonons into the embedded layer. We note
that the increase in κSi with increasing thickness tSi is a consequence of the reduction of
phonon surface scattering in the quasi-ballistic regime and not due to phonon coupling
effects and is thus observed for both free-standing Si thin-films (dashed lines) and Si-layer
in the tri-layer architecture (solid lines). To understand the role played by inner interface
properties, we increase the inner Ge-Si roughness to ηin = 0.4 nm as shown in [Figure 5.7].
The increased ηin lowers the coupling of phonons between cladding and embedded layers
as more phonons get diffusively scattered at the rougher interface (Equation (5.5)). The
reduced phonon coupling for ηin = 0.4 nm is manifested as a lesser reduction of κSi with
respect to κSi-free [Figure 5.7] in comparison to ηin = 0.1 nm [Figure 5.6]. For very large
surface roughnesses ηin (e.g., pin = 0), all the layers can be treated as decoupled from
each other and, in that case, all phonon coupling effects on thermal transport would be
negligible.
5.3.3 Si-Ge Bi-layers
We have focused our previous analysis on tri-layer structures made of Si and Ge with
varying layer spacing to analyze the coupling of phonons between the layers and understand
the impact on thermal conductivity modulations in each layer. Since the mechanism of
phonon coupling is independent of the number of layers, the analysis can be extended
to any arbitrary n-layered structure. We note that structures with n = 2, i.e., bi-layers
are a common experimentally grown structure, and the experimental measurement of each
layer’s thermal conductivity [28, 57] could potentially be easier to achieve as compared to
a tri-layer system. With the motivation for guiding future experiments, we briefly analyze
the thermal conductivity modulations in a bi-layer system of Si and Ge with thickness of
each layer given as tSi and tGe. We note that for a Si-Ge bi-layer, the system of equations to








































































































































































account for the changed boundary conditions from the tri-layer system discussed earlier. In
a Si-Ge bi-layer system, three interfaces exist–the top Si-air interface, the Si-Ge interface,
and the bottom Ge-air interface. For simplicity, we assume identical interfacial conditions
for both the outer Si-air and Ge-air interfaces. Thermal conductivity modulations in three
structures with different thicknesses of silicon and germanium (i) tSi= tGe = 10 nm, (ii) tSi
= 100 nm, tGe = 10 nm, and (iii) tSi= tGe = 100 nm are considered to elucidate the impact
of phonon coupling. Figure 5.8 shows that analogous to tri-layer structures, silicon thermal
conductivity κSi is reduced below its free standing thin-film value κSi-free when phonons
originating in Si are injected into Ge causing a corresponding enhancement in κGe. The
impact of phonon coupling on thermal conductivity modulations in each layer is stronger
when the inner surface is smoother as indicated by the larger differences in layer thermal
conductivities in top panels in contrast to bottom-panels of Figure 5.8 from their respective
free-standing values. The enhancement in κGe is higher when silicon layer thickness tSi is
large, while the reduction in κSi is higher when germanium layer thickness tGe is larger,
clearly indicating the reciprocity in phonon injection process as was observed in tri-layer
architectures. These findings would be useful for future experimental investigations into
phonon coupling.
5.3.4 Films-on-substrate
We also consider a baseline physical system consisting of a thin-film of material A on
top of a substrate of material B. Our choice of A and B is motivated from optoelectronic ap-
plications such as photo-detectors where configurations based on Si, Ge, GaAs and AlGaAs
semiconductors are found ubiquitously [7, 22, 113]. We focus on studying the influence of
this semi-infinite substrate on the thermal conductivity modulation in the film-on-substrate
(FOS) system [Figure 5.9] and contrast the unique behavior with free-standing isolated thin
films.
We show in Figure 5.10 the predicted thermal conduction variation of a ternary alloy
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Figure 5.8: Thermal conductivity of layers of silicon κSi (solid blue square) and germanium κGe
(solid red circle) in bi-layer structures with different silicon and germanium layer thicknesses: [(a),
(d)] tSi= tGe= 10 nm, [(b), (e)] tSi= 100 nm, tGe = 10 nm, and [(c), (f)] tSi = tGe = 100 nm. Top panels
correspond to inner roughness ηin = 0.1 nm and bottom panels to ηin = 0.4 nm. Four different outer
surface conditions are shown on the x-axis in each panel – specular, ηSi-air = ηGe-air = 0.1 nm, ηSi-air
= ηGe-air = 0.4 nm, and diffuse. Open symbols represent the corresponding free-standing thin-film
conductivity κSi-free (blue) and κGe-free (red).
Al0.10Ga0.90As thin film atop a GaAs substrate for the case of equal inner and outer surface
conditions, while varying the thickness of the Al0.10Ga0.90As thin film. Our calculations
show that the thermal conductivity κ of the thin film in the FOS architecture increases
with decreasing thickness, which is exactly the opposite of the conventional free-standing
calculations [17, 78] which predict that it decreases. Specifically, we found that the ther-
mal conductivity of a thin-film in a FOS structure can be larger than the bulk thermal
conductivity (horizontal blue line) as well as that of an isolated, free-standing film of the
same material with similar structural properties. The observed enhancement in the ther-
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Figure 5.9: Schematic of a film-on-substrate (FOS) architecture where the film is shown in orange
and the substrate in yellow. Arrows represent phonons originating at the film and the substrate and
contributing to film phonon transport after reflection and transmission (inter-layer coupling).
mal conductivity (∆κ) of the Al0.10Ga0.90As film is attributed to phonon injection from the
substrate [18]. For certain surface conditions, interfacial coupling between the thin film
and the substrate allow phonons to be exchanged between the two media. In the FOS case,
the phonon mean-free-paths of the substrate material are larger than their corresponding
thin-film phonon mean-free-path. Since the local thermal conductivity at a point inside the
thin film is determined by the effective mean-free-path of phonons reaching that point, the
local thermal conductivity of the thin-film in the FOS structure is enhanced beyond the
isolated thin-film value due to an injection of larger mean-free-path phonons from the sub-
strate, which leads to a larger effective mean-free-path for phonons in the thin-film. For the
case when phonons in the thin film have larger mean-free-paths compared to the substrate,
the thermal conductivity of the FOS would be smaller than the corresponding isolated thin-
film. It is noteworthy that the thermal conductivity κ of the film can be enhanced beyond the
Al0.10Ga0.90As bulk conductivity value. We denote this enhancement of thermal conduction
beyond the bulk conductivity values by ∆κbulk whereas we denote the enhancement beyond
isolated thin film conductivity values as ∆κiso. We remark that we observe an increasing
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Figure 5.10: Thermal conductivity of an Al0.10Ga0.90As thin film grown on GaAs substrate in FOS
architecture (orange lines) and an isolated free-standing Al0.10Ga0.90As thin film (blue lines) for
different interfacial roughnesses at temperatures (a) T = 100 K and (b) T = 300 K. The vertical
arrow denotes the direction of increasing roughness. Blue horizontal line corresponds to the bulk
thermal conductivity of Al0.10Ga0.90As.
∆κbulk with reducing thickness of thin film for a wide range of interfacial roughnesses.
This finding can have profound consequences since achieving enhanced thermal conduc-
tion is a key component of enabling heat dissipation from hot spots in optoelectronic and
microelectronic applications. The facilitation of effective heat dissipation in nanostructures
can further promote miniaturization and efficient power consumption in devices. We ob-
serve this trend of enhancement beyond bulk conductivity ∆κbulk to be significant even at
T = 300 K, which shows that devices will be competent for room temperature operation as
well. We note that, the unconventional increase in the thermal conductivity of the thin film
in the FOS architecture with decreasing thickness can be understood in light of recognizing
the role of interfacial scattering and film thickness. For small roughnesses, we have low
diffusive interfacial scattering, and due to the low acoustic impedance mismatch between
Al0.10Ga0.90As and GaAs there is a strong inter-layer phonon coupling in the system. With
decreasing film thickness, the volume fraction in the film in which there is an enhance-
ment of thermal conductivity arising from inter-layer phonon coupling increases because
phonons being injected from GaAs, which have finite mean-free-path, are allowed to influ-
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ence a larger film proportion. As a result, the thermal conductivity κ of the film increases
with decreasing thickness for η = 0, 0.10, 0.15 and 0.25 nm because the enhancement by
phonon coupling is larger than the decrease by diffuse interface scattering. On the other
hand, for the isolated free-standing thin film, we observe a reduction in thermal conduc-
tivity with decreasing thickness, which is due to conventional boundary scattering. Note
that in this case there is no inter-layer phonon coupling and therefore there are no physical
mechanisms to observe an increase in heat conduction. Significantly, we found that the
different physical mechanisms behind thermal transport in isolated and FOS films can lead
to opposite thermal conductivity behaviors when the film thickness is reduced. We note
that we investigate the thermal conductivity of the thin film atop the substrate and not that
of the entire structure consisting of the substrate and thin film. Figure 5.10 also shows how
the thermal conductivity increases with reducing roughness and temperature. We remark
that for case of very rough interfaces (e.g. η = 1.0 nm) and T = 300 K [Figure 5.10(b)], we
observe a minimum in thermal conductivity for a film thickness close to t = 500 nm, which
is due to the competition between thermal conductivity enhancement by phonon coupling
and thermal conduction reduction by interfacial scattering. We highlight that this minimum
in thermal conductivity is independent of any thermal phonon wave effects or coherent heat
conduction which have been reported in other studies [64, 114].
In Figure 5.11, we consider an FOS system consisting of a thin film of Ge deposited on
a Si substrate, where we study the variation of thermal conductivity of the FOS film and
contrast it with that of bulk Ge and an isolated thin film of Ge. Our numerical predictions
show that for certain surface conditions and thicknesses the thermal conductivity of the thin
film on substrate still increases beyond the bulk Ge thermal conductivity with decreasing
thickness but enhancement effects by phonon coupling are less pronounced in this case
due to dissimilar dispersion relations for Si and Ge. The thermal conductivity of FOS is
also enhanced beyond the corresponding isolated thin film conductivity values. We note
that a large acoustic impedance between Si and Ge owing to a difference in densities and
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Figure 5.11: Thermal conductivity of a Ge thin film grown on Si substrate in FOS architecture and
an isolated free-standing Ge thin film depicted by orange and blue lines respectively for different
interfacial roughnesses at temperatures (a) T = 100 K and (b) T = 300 K. Blue horizontal line
corresponds to bulk thermal conductivity of Ge.
phonon mode velocities leads to significant reduction in transmission and phonon coupling
in the Si-Ge case. Thus, with decreasing thickness, we generally observe a decrease in the
thermal conductivity of the FOS due to increasing diffuse scattering effects. However, for
cases where the interfacial diffuse scattering is not the dominant mechanism (for instance,
when η = 0) the thermal conduction increases since the volume fraction in which the en-
hancement takes place increases with decreasing spacing. These combined mechanisms for
phonon transport (phonon coupling and interface scattering) also explain the maxima ob-
served in the thermal conductivity of the FOS Si-Ge system. We also mark that the thermal
conductivity enhancement (∆κiso), diminishes with increasing thickness of the thin film.
This is due to the reducing influence of surface scattering and phonon coupling and the fact
that thin film conductivities tend towards the bulk conductivity with increasing thickness.
We also show in Figure 5.11 the impact of surface conditions and temperature variation and
find how the thermal conductivity and its enhancement increases with reduction in surfaces
roughness and temperature.
In contrast to established thermal transport in thin-films, we showed that it is possible
to increase the in-plane thermal conductivity of a thin film by placing it on top of an appro-
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priate substrate and that the thermal conductivity increases with decreasing spacing. We
observe enhancement of thermal conductivity in FOS architecture beyond the predictions
for bulk and isolated thin-film and study its behavior with changing thickness, roughness
and temperature. AlGaAs on GaAs and Ge on Si, as considered in this chapter, are widely
used as fundamental units in electronic and optoelectronic applications. The analysis of
these FOS architectures suggests that experimental measurement of thermal conductivity
of thin-films needs to account for thermal coupling between thin film and substrate and the
consequent conductivity modification and indicates the need to develop rigorous conduc-
tivity read-out model for experiments.
5.4 Summary
In this chapter, we presented a novel approach of phonon spectral coupling to modu-
late the thermal conductivities of nanomaterials. We first analyzed the underlying reasons
behind thermal conductivity reduction of cladding Si layers in a Si-Ge-Si architecture with
simultaneous thermal conductivity enhancement of embedded Ge layer. We also investi-
gated the thermal conductivity of each layer in a Si-Ge bi-layer architecture which was
extended to the experimentally important case of film-on-substrate systems. The overall
phenomena underlying these modifications were discovered to be phonon injection due to
spectral coupling across the interfaces in these materials. The complex nature of this injec-
tion mechanism manifests itself in unique and novel modifications to thermal conductivi-
ties. The enhancement and reduction in thermal conductivities depends on both structural
and materials properties. The findings in this study are a critical step toward achieving
a comprehensive control over the thermal properties of materials. By providing capabili-
ties to enhance thermal conductivities, technologies such as microelectronics can be made
more efficient by achieving high thermal dissipation rates. At the same time, reducing
thermal conduction by combining phonon spectral coupling and current diffuse scattering
approaches can improve the performance of thermoelectrics. The proposed phonon spec-
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tral coupling to modulate heat conduction advances the current understanding of phonon




CROSS-PLANE THERMAL TRANSPORT IN SUPERLATTICES
6.1 Introduction
A superlattice is a periodic structure of layers of two (or more) materials. Typically, the
thickness of one layer is in the order of nanometers [116]. Semiconductor superlattices are
central to optoelectronic devices [7, 117, 118] including photodetectors, quantum cascade
lasers and modulators. From the point of view of thermal transport phenomena in nanoscale
semiconductor superlattices, the changes in their properties arise from altered phonon trans-
port dynamics, which can be broadly categorized into coherent and incoherent phonon
effects. The term coherent refers to the underlying requirement of phase-preservation be-
tween phonons incident on and reflected from an interface between two materials. This
condition for coherency, if satisfied across multiple interfaces, can manifest itself in a num-
ber of novel modifications of phonon dispersion relations including zone-folding effects,
edge-flattening, and opening of thermal bandgaps under certain conditions of periodicity,
wavelength, and phonon mean-free-paths [54, 64, 65, 103, 114, 119, 120]. On the other
hand, incoherent phonon effects result in a modified thermal transport dynamics due to
reduced mean-free-paths or deviation in populations from Bose-Einstein distribution of
phonons because of phonon-boundary scattering events (see Chapters 2 and 4, for exam-
ple). Although both phonon dynamics (coherent and incoherent) arise from fundamentally
different phenomena (i.e., phase preservation and diffuse scattering, respectively), they are
controlled by the interaction of phonons with interfaces. This strong underlying connection
of nanostructure surfaces to thermal transport coupled with (a) the existence of multiple in-
Portions of this chapter have originally been published in [115] ”Cross-plane Thermal Conduction in Super-
lattices: Impact of Multiple Length Scales on Phonon Transport” (2019), Journal of Applied Physics, Vol.
125 (044304). Reproduced with permission from AIP Publishing.
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Figure 6.1: Schematic showing key multiple length scales that control thermal conduction in su-
perlattice structures. Thermal phonons scatter at rough interfaces (∼Å) between each layer within
a unit cell of period a (∼nm) which combine to create a periodic superlattice nanostructure of total
size s (∼µm).
terfaces and (b) a periodical pattern of these interfaces makes semiconductor superlattices
a perfect choice for understanding heat conduction.
The phenomenon of thermal phonon conduction in any periodic structure, including
superlattices, is dependent on multiple key length scales [Figure 6.1] which are (i) the total
size of the structure s , (ii) the periodicity of the structure a, and (iii) interface surface prop-
erties, i.e., roughness η and correlation length L. In addition, the phonon length variables
(iv) mean-free-path ` and (v) wavelength λ are integral to the conduction phenomenon. A
complex interplay between effects occurring at these various length scales coupled with the
broadband nature of phonons determines the overall transport of heat in nanostructures.
Despite several works over the last few decades, a clear understanding of the role of
these fundamental length scales in phonon transport in superlattices remains lacking. For
instance, a transition from coherent to incoherent thermal transport effects is expected in
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smooth-surface superlattices with increasing period length a. The transition manifested as
minima in thermal conductivity as a function of period has been shown in a few specific
materials to date [64, 121], indicating a need for an in-depth understanding of thermal
transport in these structures. In addition to multiple reflections, the layered arrangement
in a superlattice also creates an anisotropy in the structure that differentiates between heat
flow parallel (in-plane) or perpendicular (cross-plane) to the interfaces, making them useful
as directional heat spreaders for electronics [122].
6.2 Literature Overview of Si/Ge Superlattices
Silicon and germanium are two popular and important semiconductors of commercial
importance, and superlattices composed of these elements had attracted significant atten-
tion in experimental works. The work by Lee et al. [123], Borca-Tasciuc et al. [124],
and Huxtable et al. [125, 126], remains the primary source of experimental data for the
cross-plane thermal conductivities in Si/Ge superlattices. All of these works alluded to
the importance of the interface quality and defect density – features which are still poorly
quantified and understood– in their thermal conductivity measurements. As noted in a re-
cent study [127], the absence of consistency among the measured thermal conductivities in
many of these studies [123, 124, 128], leaves a gaping hole in our understanding of ther-
mal transport in these superlattices. From a theoretical standpoint, numerous techniques
have been developed to understand thermal transport in superlattices [129–134] but quan-
titative predictions of thermal transport properties in realistic nanostructures, accounting
for interfacial scattering and phonon-phonon scattering across all temperatures, continue to
be an open challenge. A quick glimpse at the literature reveals the underlying dissonance
in the predictions by theoretical models. For instance, first-principle calculations and the
Boltzmann transport equation (BTE) showed that interfacial roughness serves to reduce
the thermal conductivity in Si/Ge superlattices [104, 135, 136]. In contrast, Green function
calculations predicted that lattice thermal conductivity of Si/Ge superlattices with rough
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interfaces could be higher than those with smooth interfaces if the number of periods were
small [137]. Furthermore, molecular dynamics [134, 138, 139] have noted that the absence
of a coherent transport signature (i.e., thermal conductivity minimum with period length)
could be explained by the interfacial roughness in Si/Ge superlattices. First-principle ap-
proaches, on the other hand, showed that even after inclusion of interfacial disorder as
perturbations, minima in thermal conductivity could still be observed [139]. Thus, there
is a clear need for a detailed study of cross-plane thermal transport in Si/Ge superlattices,
addressing the role of interfaces and impact of all other relevant length variables on ther-
mal conductivity, i.e., the periodicity a, the mean-free-path of phonons `, wavelength of
phonons λ, and total size/thickness of the structure s .
Theoretical approaches based on the phonon Boltzmann transport equation (BTE) hold
an untapped potential in being able to effectively connect theoretical predictions with ex-
periments. The flexibility of BTE approaches allows for treatment of heat transport in vari-
ous geometrical domains without relying on limiting assumptions about surface properties.
Historically, BTE based approaches considered the use of fitting specularity parameters
that limited the physical insights. However, as we discussed in Chapter 2, it is possible
to incorporate rigorous surface description within the Boltzmann framework, which can
be used to provide quantitative predictions on thermal transport. Moreover, using first-
principle calculations to yield material-specific phonon properties as inputs to BTE can
create accurate, computationally cost efficient, and comprehensive predictive models for
experimental nanostructures provided that the treatment of phonon-interface behavior can
be rigorously included. Specifically, for superlattices, the radiative/intensity form of BTE
for superlattices [140, 141] dealing with an overall scalar intensity of phonons rather than
with individual mode dependent populations precludes the inclusion of incident angle de-
pendent interface-phonon scattering. Recently, solutions to BTE based on the treatment
of boundary scattering without transmission between different layers have been developed
[112, 135]. Rigorous solutions to the BTE with detailed boundary conditions to obtain
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local mode dependent phonon populations have been applied to heat transport problems
in thin-films, nanowires, (see Chapters 2 and 3) and recently to in-plane thermal transport
in layered nanomaterials [24] (also see Chapter 5). However, such a rigorous approach
dealing with mode-by-mode calculation of phonon populations while accounting for inter-
facial surface characteristics, incident phonon properties, and phonon coupling is currently
absent for cross-plane thermal transport in superlattices.
6.3 Methodology
The methodology is based on the layered nanomaterials solution discussed in Chapter 5.
The general first-order solution to the phonon Boltzmann transport equation under a small













Despite the similarity to Equation (5.1), here the dependence of deviation function g± is
independent of the z-dimension. We note that the deviation function depends on the direc-
tion of phonon propagation indicated by + and - symbols for propagation along the applied
thermal gradient and opposite to the applied thermal gradient, respectively. Since the su-
perlattice is comprised of periodically repeating unit cell, an interfacial phonon balance
at the unit cell interface [24] along with an anti-symmetric deviation from equilibrium for
phonons moving in opposite directions in the superlattice [142] are sufficient conditions to
solve for deviation functions in the cross-plane direction. Individual layers thermal con-
ductivities are obtained using Equation (1.4). The overall cross-plane thermal conductivity
of the superlattice structure is evaluated by considering flux conservation in the direction of
the thermal gradient. Due to the presence of interfaces between the two materials in adjoin-
ing layers of the superlattice, the temperature gradient across the interfaces would change
abruptly, which is accounted for using the thermal boundary resistance (RTBR) [135]. Thus,
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where t1 and t2 are, respectively, the thicknesses of the two constitutive layers of the super-
lattice and κ1 and κ2 are the individual thermal conductivities of the layers.
6.4 Key Results and Discussion
We first predict the thermal conductivity of Si/Ge superlattices at room temperature (T
= 300 K) in Figure 6.2(a) and low temperature (T = 80 K) in Figure 6.2(b). We show how
the thermal conductivity increases with increasing period thicknesses for different superlat-
tice interface conditions ranging from very smooth to very rough surfaces. The increasing
period thickness a reduces the interface density and allows phonons to travel longer dis-
tances between scatterings from interfaces. The reduction in interface density thus directly
translates to increased phonon mean-free-paths and thermal conductivities. Interestingly,
we observe that even at large period thicknesses (a ∼ 5 µm), the thermal conductivity is
below the value in the absence of phonon-surface scattering (i.e., bulk value), indicating the
wide spectrum of phonon mean-free-paths and the strong interface scattering phenomenon
in cross-plane phonon transport. The thermal conductivity predictions for different rough-
ness values converge at larger period thicknesses owing to the reduced interface scattering
events, removing the difference arising due to diffuse scattering. Interestingly, for small
period a ∼ 5 nm at low temperature T = 80 K, introduction of a slight degree of disorder (η
∼ 0.05 nm) leads to a strong reduction in superlattice thermal conductivity. In this case, the
small periodicity of the superlattice coupled with the reduced phonon-phonon scattering at
low temperatures allows phonons to scatter strongly from the introduced disorder at the
surfaces. Furthermore, it is observed that the increase of surface roughness from η = 0.5
nm to η = 1.0 nm leads to a minimal change in cross-plane thermal conductivity, indicating
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the onset of nearly complete diffusive scatterings at these roughnesses in these structures.
We also plot in Figure 6.2 the experimentally measured thermal conductivities in Si/Ge
superlattices and find excellent agreement despite the variability in the experimental data.
We note that experimental growth of superlattices relies on the use of buffer layers as well
as the use of surfactants whose presence in samples could influence the measured thermal
conductivity [124–126, 128]. These experimental factors (e.g., the role of buffer layers,
creation of native oxides, etc.) are not included in our model which is aimed at under-
standing the role of all length scales in thermal transport. Additionally, the large contrast in
Figure 6.2: Cross-plane thermal conductivity κ in Si/Ge superlattices at (a) T = 300 K and (b) 80 K
as a function of period thickness a . κ predictions for different interfacial roughnesses η are shown
and compared against available experimental data (scatter points).
lattice constants between Si and Ge unit cells heightens the challenge of obtaining a con-
trol over interfacial roughness experimentally, which is a key factor in determining thermal
transport in nanostructures [24]. Note that our analysis is focused on phonon transport in
the absence of coherent interference effects. It is expected that a high interfacial rough-
ness in experimental Si/Ge superlattices prevents coherent effects from playing a dominant
role [127]. Our findings clearly show the importance of interface conditions, in particular
for small period superlattices, as they can yield strong modulations in thermal transport,
reinforcing the need for quantitative approaches to model and report superlattice surface
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conditions. In Figure 6.3(a) and (b), we also compare our numerical predictions against ex-
perimental measurements on Si0.84Ge0.16/Si0.76Ge0.24 alloy superlattices with equal volume
fractions [125]. We find excellent agreement with the experimental measurements and ob-
serve that the thermal conductivity has a very weak dependence on interfacial roughness in
these superlattices. The weak dependence on interfacial scattering can be explained by the
material similarity of the superlattice layers, which reduces the influence of roughness on
phonon transmission at interfaces. For a different experimental data-set of Si/Si0.70Ge0.30
superlattices with two-third of volume fraction comprised by the Si layer [125], we observe
qualitative agreement with the data at T = 300 K but we find that the reported thermal con-
ductivities are larger than the numerical predictions. The dependence of thermal conduc-
tivity on surface roughness is observed to be stronger unlike the Si0.84Ge0.16/Si0.76Ge0.24
case, since the materials across interfaces are more distinct. Thus, future experimental
work with quantification of surface roughness especially in alloy superlattices would be an
exciting avenue to experimentally validate the predictions of our model as well as advance
the understanding of thermal transport in these nanostructures. Since surface roughness
and correlation length are statistical quantities, techniques that can extract and combine
surface profiles across the length of the interface are needed. Such techniques involving
stitching of transmission electron microscope (TEM) images to extract surface profiles fol-
lowed by background elimination [48] have been used for nanowires while similar efforts
for superlattices are currently lacking.
Based on the large number of SiGe alloy superlattice experiments, an interesting ques-
tion that has not been answered is the impact of alloying one layer vs both layers in the
superlattice. To address this question, we consider three possible configurations of alloy-
ing, i.e., we alloy either one of the two layers of a Si/Ge superlattice, and also alloy both the
layers, and compare all configurations against an unalloyed Si/Ge superlattice. We show
in Figure 6.4 the corresponding numerical predictions for the thermal conductivities for
different periods, temperatures, and interface conditions. We find that the thermal conduc-
95
Figure 6.3: Cross-plane thermal conductivity in experimental alloyed superlattices as a function of
period, for different interfacial roughness values. Thermal conductivities are evaluated at T = 300
K in [(a) and (c)] and 80 K in [(b) and (d)]. Panels (a) and (b) are for Si0.84Ge0.16/Si0.76Ge0.24
superlattices and (c) and (d) are for Si/Si0.70Ge0.30 superlattices.
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tivity in all the superlattices increases with increasing period a, irrespective of the inner
surface condition, temperature, or alloying. These results are in agreement with an earlier
report [140] and can be understood by the increased effective mean-free-paths with in-
creasing distance between the boundaries under incoherent transport. However, unlike the
conclusions of this report, we find that the thermal boundary resistance does not play a de-
termining role in our predictions. We note that it has also been reported [143] that thermal
transport in superlattices cannot be attributed solely to thermal boundary resistance. In our
calculations, one order change in thermal boundary resistance (TBR) at room temperature
from 3 × 10−9 m2 kW−1 [144] (value used in this report) to 3 × 10−8 m2 kW−1 leads to
a negligible change in the thermal conductivity (<1% at a = 5 nm), quantifying the small
impact TBR has on thermal conductivity value of the Si/Ge superlattices. This finding can
be understood by an order of magnitude analysis on individual resistances of the Si and Ge
layers, and the effects of TBR between the layers, which becomes small with increasing
period. Interestingly, we observe that the alloying of either of the Si or Ge layers leads to
a similar reduction in thermal conductivity (red and blue lines) for all periods and surface
conditions. We note that alloying of either of the layers leads to impurity scattering for
phonons in the alloyed layer and also for phonons that can couple across the interfaces and
travel in both the materials. Since the conductivities of the layers are arranged in parallel,
the thermal transport is critically determined by the thermal conductivity of the layer with
smaller conductivity. Thus, we conclude that alloying either layer in a Si/Ge superlattice
to a small degree leads to similar thermal conductivities. In the case when both the layers
are alloyed, phonons in all the layers have reduced mean-free-paths due to scattering by
alloy atoms, lowering the thermal transport further (brown lines). This behavior persists
for both smooth (η = 0.1 nm) and rough (η = 0.5 nm) inner interfaces. We also observe that
the thermal conductivity of unalloyed Si/Ge superlattices especially at low temperatures
(e.g., T = 80 K) with rough inner interface decreases linearly with decreasing periods for a
<100 nm [Figure 6.4(c)], indicative of nearly ballistic transport within the layers at these
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temperatures.
Figure 6.4: Cross-plane thermal conductivity in Si/Ge (black lines), Si0.90Ge0.10/Ge (red lines),
Si/Si0.10Ge0.90 (blue lines), and Si0.90Ge0.10/Si0.10Ge0.90 (brown lines) superlattices at (a) η = 0.1
nm and T = 300 K, (b) η = 0.5 nm and T = 300 K, and (c) η = 0.5 nm and T = 80 K, as a function
of period thickness a .
Importantly, there is also the possibility of quasi-ballistic transport across the entire su-
perlattice structure, which leads to another important length scale – the total structure size
s . The existence of thermal conductivity that increases linearly with total structure size has
been experimentally observed in GaAs superlattices [103], which has been corroborated
by a recent study [127]. To understand the role of structure size s on thermal transport in
Silicon-Germanium based superlattices, we next use our approach to predict the thermal
conductivity in Si/Ge and Si0.90Ge0.10/Si0.10Ge0.90 superlattices as a function of total size
for different periods at T = 300 K (Figure 6.5). The finite size of the structure limits the
number of periods that can exist in the structure. Strictly speaking, finite sized structures
need to be modeled by applying phonon population balance at each surface (i.e. interfaces
and boundaries). In our approach, we consider a unit cell of two layers as described in the
Methodology and evaluate the thermal conductivity assuming a fully diffusive boundary af-
ter a specified number of periods. Figure 6.5 shows that the thermal conductivity of Si/Ge
and SiGe alloyed superlattices is significantly influenced by the structure size s (or number
of periods, N = s/a), and thus these features need to be reported as well in experiments
for consistent comparison between measurements. We observe that for small period super-
lattices at room temperature [Figure 6.5(c,d)], a superlattice with smooth interface (solid
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lines) shows an increasing trend of thermal conductivity with increasing structure size,
while for superlattices with rough interfaces (dashed lines), the total structure size change
leads to a smaller increase in thermal conductivity. These findings indicate that smoother
interfaces allow phonons to cross multiple periods and the total structure size s becomes a
limiting factor in their mean-free-paths. However, for alloyed superlattices [Figure 6.5(b)],
we observe that the structure size s can influence the thermal conductivities of superlattices
with both small and large roughness especially for period a = 200 nm due to the existence
of large mean-free-path phonons in large period superlattices. To further elucidate the ther-
mal conductivity dependence on structure size in alloyed superlattices without having to
consider the variability in individual period size a, we added one period at a time in Fig-
ure 6.6. The alloyed superlattice exhibits a significance dependence of κ on the number of
periods, indicative of the large phonon mean-free-paths in these structures. We also find
that the effect of adding periods leading to a quasi-linear increase in conductivity persists
even at T = 300 K highlighting the existence of phonons that can cross multiple interfaces
at these temperatures provided the surface roughness is low. The impact of adding periods
on conductivity is slightly stronger at T = 80 K due to the diminishing phonon-phonon
scattering at these temperatures. These results support the conclusion that phonons that can
cross multiple interfaces are better observed at low temperatures and smooth interfaces, in
agreement with the conclusions for GaAs/AlAs superlattices in Ref. [103]. Since multiple
interfacial scattering is a key criterion for interference phenomenon, it can be concluded
that structures allowing for such large mean-free-path phonons to propagate (i.e., low tem-
peratures and low roughness) would be better candidates to explore coherent interference
modifications in thermal transport [64, 65, 103].
The layered structure of superlattices creates an anisotropic resistance to heat flow, pro-
viding a difference in thermal conductivities in the directions parallel and perpendicular to
the interfaces. It is expected that when the thermal gradient is applied parallel to the inter-
faces (in-plane transport), phonon transport processes face less resistance from the bound-
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Figure 6.5: Cross-plane thermal conductivity at T = 300 K as a function of total superlattice size
s for [(a) and (b)] large periods a = 50 nm and 200 nm, and [(c) and (d)] short periods a = 4 nm
and 10 nm. The solid lines represent smooth interfacial roughness η = 0.1 nm, and the dashed lines
represent surface roughness η = 0.5 nm.
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Figure 6.6: Cross-plane thermal conductivity in alloyed superlattices at (a) T = 300 K and (b) T =
80 K as the function of number of periods N in the superlattice. Three different periods a = 10 nm
(dark blue), 50 nm (red), and 200 nm (blue) are shown for two different surface conditions.
aries than when the gradient is applied perpendicular to the interfaces [15]. This anisotropy
in thermal transport is of great practical interest to create solid-state heat spreaders to better
manage heat in electronic devices. We calculate the anisotropy in heat transport at 300
K (red lines) and 80 K (blue lines) in Si/Ge superlattices (Figure 6.7) for different peri-
ods and interfacial conditions. We find that the anisotropy, defined as the ratio of in-plane
to cross-plane thermal conductivity, reduces with increasing period a. This indicates that
with reduced interface density, both in-plane and cross-plane transport converge to the cor-
responding bulk values. For large roughness values, the diffusive scattering of phonons
reduces the anisotropy ratio due to nearly saturated reduction in cross-plane conductivity.
In contrast, for a given roughness, the anisotropy at T = 80 K is larger than room tempera-
ture because at lower temperatures, resistance by phonon-phonon processes is diminished,
allowing for the boundary scattering to dominate, which are stronger in the cross-plane
direction. Based on the anisotropic thermal conductivities obtained for superlattices, it is
clear that the cross-plane direction boundary scattering phenomenon is generally stronger
compared to the in-plane direction. To further explore the transport of phonons in the two
different directions, we evaluate their thermal spectra, i.e., the contribution of phonons of
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different wavelengths and mean-free-paths to total thermal transport. The conduction of
heat by phonons with different wavelengths (or frequencies) and mean-free-paths is central
to nanoscale thermal conduction. Normalized accumulation functions or heat-spectra have
been utilized to understand nanoscale thermal transport in other nanostructures [16, 66].
Figure 6.7: The evolution of anisotropy in thermal conductivity with period thickness a and rough-
ness η in Si/Ge superlattices at room temperature (red lines) and T = 80 K (blue lines).
However, cross-plane thermal transport in superlattices has not received similar at-
tention. Using our developed methodology, we show our predictions for the cross-plane
thermal heat spectra as a function of phonon wavelength at room temperature in Fig-
ure 6.8(a,b), and compare it against the in-plane wavelength spectra in Figure 6.8(c,d) [24].
The increased surface scattering of large wavelength phonons caused by rougher interfaces
(dashed lines) in all the cases (i.e., in-plane and cross-plane) shifts the thermal spectra to
phonons of smaller wavelengths. Furthermore, surface scattering effects are stronger for
shorter period superlattices owing to a higher interface density. However, in comparing
between cross-plane and in-plane thermal spectra, we observe that the heat conduction in
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the cross-plane direction is shifted more strongly toward short-wavelength phonons reaf-
firming the understanding of enhanced surface effects when the gradient is applied perpen-
dicular to interfaces. The difference between cross-plane and in-plane thermal spectra is
observed even more clearly for alloyed superlattices. For the cross-plane SiGe alloy super-
lattice thermal transport [Figure 6.8(b)], spectra are strongly suppressed such that phonons
of wavelength λ = 1–10 nm carry nearly all the heat. However, for the in-plane thermal
transport, large wavelength phonons (λ >10 nm) contribute almost 35% to heat transport
for a = 50 nm superlattices [Figure 6.8(d)]. These findings clearly show that in cross-plane
superlattice transport, the effects of surface scattering are stronger than in the in-plane di-
rection. In particular, in cross-plane transport, phonons of wavelengths larger than λ = 10
nm play no part in thermal transport at room temperature as they are effectively scattered
out by scatterings at interfaces.
To understand the impact of surfaces on the mean-free-path spectra in superlattices,
we consider periods a = 50 nm (red lines) and a = 10 nm (black lines), as well as surface
roughnesses η = 0.1 nm and η = 0.5 nm in Figure 6.9. We observe that with reducing period
length and increasing roughness the heat spectra are shifted to smaller dominant mean-free-
paths. This shift can be explained by a stronger interfacial scattering phenomenon in super-
lattices with smaller periods owing to their higher interfacial density and due to increased
diffuse scattering with increasing surface roughness (dashed lines). Our predictions show
that in the cross-plane direction heat flow in superlattices of up to period a = 50 nm at room
temperatures is controlled by phonons in the range of ` = 1–1000 nm. Even in alloyed su-
perlattices where short mean-free-path phonons are scattered out of transport process, the
thermal transport is upper bounded by ` = 1000 nm mean-free-path phonons, highlight-
ing the strong role of interfacial scattering in the cross-plane direction. Since the surface
properties can strongly influence the thermal transport in the cross-plane direction, quan-
tification of experimental samples and better growth techniques would be the key drivers
of future research in these superlattices.
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Figure 6.8: Room temperature wavelength heat spectra for [(a) and (b)] cross-plane and [(c) and
(d)] in-plane thermal transport in Si/Ge and Si0.90Ge0.10/Si0.10Ge0.90 superlattices. Two different
periods a = 10 nm and a = 50 nm and roughness values η = 0.1 nm and η = 0.5 nm are considered.
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Figure 6.9: Cross-plane thermal conductivity spectra at T = 300 K as a function of phonon mean-
free-path for superlattices of period 50 nm (red lines) and 10 nm (black lines) for smooth and rough
interfaces in (a) Si/Ge and (b) Si0.90Ge0.10/Si0.10Ge0.90 superlattices.
6.5 Summary
In this chapter, we extended the methodology developed in Chapter 5 to quantitatively
predict and fundamentally understand incoherent cross-plane thermal transport in superlat-
tices. We used our developed approach to study Si/Ge and SiGe alloyed superlattices in
order to understand the role of all relevant length scales, i.e., interface roughness, period
thickness, total structure thickness, phonon mean-free-path, and wavelength in the under-
lying thermal transport processes. Additionally, we unveiled the effects of alloying and
temperature on cross-plane thermal transport in these superlattices. We found that thermal
transport in cross-plane structures can be ballistic across the entire superlattice even at room
temperatures. In addition, the contribution of large wavelength phonons is significantly
suppressed in contrast to in-plane thermal transport, constraining the wavelength spectrum
to less than 10 nm. These findings are essential toward efforts to rationally manipulating




7.1 Impact of Dissertation
The work presented in this dissertation comprises of models of thermal conduction in a
number of semiconductor nanostructures, beginning with incorporating surface descriptors
to create predictive models and bridge the differences between experimental and compu-
tational research, to uncovering a novel phonon coupling mechanism to modulate thermal
transport in layered nanomaterials. While we primarily utilized silicon and germanium as
elements of choice, the general insights about the flow of heat in different nanostructures
are applicable across a wide range of semiconductors.
The lack of existing predictive models that could account for all the relevant physi-
cal descriptors in the phonon-surface scattering motivated the study in Chapter 2. The
objective of creating phonon transport models which rely on experimentally quantifiable
surface descriptors (i.e. surface roughness and correlation length) and embody key physics
of phonon-transport (i.e. surface scattering dependence on incident phonon momentum,
incident angle and do not treat internal and surface scattering as volumetric phenomena)
was achieved with the use of Beckmann-Kirchhoff surface scattering theory along with
surface shadowing correction. After developing the phonon-surface scattering model, we
showed that the model accurately agrees with the experimentally thermal conductivities of
nanowires and thin-films. Moving beyond the traditionally measured thermal conductivity,
we predicted that a decrease in the nanostructure size and increased roughness and cor-
relation lengths makes the thermal spectra significantly shift towards phonons with short
wavelengths and mean-free-paths. The versatility of the predictive model was highlighted
by the results of thermal spectra for bulk materials, which showed excellent agreement
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with recent experimental approaches that reconstruct the mean-free-path heat spectra. Our
predictions showed how the specific surface properties and temperatures can significantly
modify the thermal conductivity accumulation, thereby opening a way forward to the ra-
tional design of the semiconductor-air interfaces, which can be utilized to tailor the desired
thermal transport properties in nanostructures.
We extended the phonon-transport model in Chapter 3 to move beyond the assumption
of symmetric boundaries in thin-films, with the motivation of a better replication of typical
experimental nanostructures. The methods developed move beyond the commonly used
diffuse scattering surface assumptions, enabling the surfaces of the thin films to be pre-
cisely described via their individual specularities. Furthermore, during this development,
we highlighted the equivalence of solving the Boltzmann transport equation by explicitly
calculating mean-free-paths or by utilizing the boundary conditions to semi-analytically
evaluate non-equilibrium phononic populations. The latter approach is utilized in layered
materials discussed in Chapters 5 and 6. Our primary objective was to analyze the spatial
distribution of thermal flux in asymmetric thin-films.We showed that designing the physi-
cal properties of thin-film surfaces provides control over the preferential spatial location of
thermal flux, which could hold significant potential for rational design of thermal materials.
Additionally, we showed the existence of heat transport regimes, controlled by the surface
properties resembling fluid flow in confined geometries.
Our ability to model asymmetric structures proved central in quantitatively predicting
thermal transport in nanotubes in Chapter 4. Semiconductor nanotubes present an exciting
avenue to create very thin one-dimensional nanostructures using currently available growth
techniques. Due to their large surface-to-volume ratio, nanotubes allow for an effective
control over thermal energy transfer. The ability to treat the two boundaries of the nan-
otubes as distinct from one another allowed us to discriminate between phonon modes that
depended on the properties of both the boundaries (NT-modes) and those that were inde-
pendent of the inner boundary (NW-modes). The versatility of our model allowed us to
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analyze the impact of nanotube morphology such as shell thicknesses, outer diameters, and
surface properties on thermal transport. We concluded that in general, the thermal conduc-
tivity of the nanotube depends on the outer diameter even for the same shell thickness. We
showed that the experimentally observed independence between these quantities could be
explained by a combination of addition of impurity atoms to the Silicon lattice and surface
roughness. We also evaluated the frequency and mean-free-path spectra to elucidate and
provide insight on the phonon transport mechanisms in low-dimensional nanotube struc-
tures.
The phonon-surface scattering in all of the nanostructures discussed serves to reduce
thermal transport by shortening phononic mean-free-paths. Motivated by the central ques-
tion, is it possible to increase phononic-mean-free-paths at the nanoscale, we explored
thermal transport in layered nanomaterials in Chapter 5. We showed that enhanced thermal
conductivities can be achieved in semiconductor nanostructures by rationally engineering
phonon spectral coupling between materials. By embedding a germanium film between
silicon layers, we showed that its thermal conductivity could potentially be increased by
more than 100% at room temperature in contrast to a free standing thin-film and the injec-
tion of phonons from the cladding silicon layers created the observed enhancement in ther-
mal conductivity. While analyzing the underlying phonon-injection mechanism we found
that the aforesaid increase comes at the cost of a reduction of thermal conductivity of the
silicon layers. Our evaluations of the dependence of thermal conductivity modulations of
both silicon and germanium layers on structural parameters showed the critically role of
layer spacings and interface properties. Thus, we showed a novel phonon-surface behavior
beyond the traditional diffusive scattering of phonons that can be tuned to modulate ther-
mal transport. Next, we extended the tri-layer transport analysis to bi-layer structures to
elucidate thermal transport in structures of technological importance, i.e. film-on-substrate
(FOS) architectures. We observed an unconventional behavior of thermal conductivity vari-
ation with film thickness, an increased thermal conductivity with decreasing thickness in
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Al0.1Ga0.9As films over GaAs substrate. In contrast, Ge films over Si substrate showed
a decreasing thermal conductivity with decreasing thickness. The difference in behavior
arose due to the phonon injection from substrate media which is critically dependent on the
interplay of acoustic impedance mismatch, materials thermal transport properties, interfa-
cial characteristics, and thickness of thin film atop the substrate. We also determined that a
trade-off between interfacial scattering and available volume fraction for enhancement play
a crucial role in determining the thermal conductivity of the FOS. The analysis of the FOS
architectures suggests that experimental measurement of thermal conductivity of thin-films
needs to account for thermal coupling between thin film and substrate and the consequent
conductivity modification and highlights the need to develop rigorous conductivity read-out
models for experiments.
Lastly, we utilized our models of layered nanomaterials to study cross-plane thermal
conduction in silicon-germanium superlattices considering interactions of phonons with
multiple structural length scales in Chapter 6. Our results clearly highlighted the need for
quantifying the impact of all relevant length variables in superlattices, i.e., the mean-free-
path and wavelength of phonons, the periodicity of the structure, total size of the super-
lattice, and the length scale of interfacial disorder, to fully understand the heat conduction
in superlattices. Our predictions showed that thermal conduction can be ballistic travel-
ing across multiple low roughness interfaces of the superlattice even at room temperatures.
In contrast to in-plane transport, we found that the strong surface scattering encountered
in the cross-plane direction limits the phonon transport to mean-free-paths of less than 1
µm and wavelengths less than 10 nm even in alloyed superlattices of periods up to 50 nm.
This strong role of boundaries also manifests itself in the form of thermal conductivity
anisotropy in superlattices. We also reported the impact of the number of periods and to-
tal structural size on the thermal conductivity which is critical for accurate experimental
reporting of thermal conductivities.
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7.2 Possible Directions for Future Work
There are several interesting research projects that are natural extensions of the work
presented in this thesis:
7.2.1 Exploring the Limits of Phonon Injection Mechanism
The complex nature of phonon injection mechanism manifests itself in unique and novel
changes to thermal conductivities as highlighted in this thesis. Both the structural proper-
ties which include layer thicknesses and surfaces roughness, and the the material properties
which involve the dispersion relations and relaxation times, are important to this mecha-
nism. Further study can help elucidate this mechanism to understand the limits of phonon
coupling. For instance, transmission of phonons across interfaces requires propagating
modes in both materials. From this perspective, materials with similar phononic disper-
sions would create a greater degree of phonon spectral coupling. Additionally, we showed
that small surface roughness and consequential lower diffusive scattering of phonons in-
crease the spectral coupling between the two materials. Thus, materials with similar lattice
constants would favor effective phonon spectral coupling by providing smoother interfaces.
Also, the difference in thermal transport properties gives rise to the concept of net phonon
injector and acceptor roles for materials. Hence, the search for a system to observe maxi-
mized thermal conductivity enhancement and reduction effects would need to account for
both the degree of phonon coupling and the difference in thermal properties. For instance,
coupling a given material with an extremely high thermal conductivity material such as
diamond or graphene could exhibit unique thermal conductivity modulations.
7.2.2 Guided Experiments for Validating Thermal Conductivity Enhancement Predictions
In order to experimentally validate the predictions of thermal conductivity enhancement
presented in this thesis, collaborative effort to fabricate samples with controlled surface dis-
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order and measure layer-by-layer thermal conductivity would be required. In this regard,
thermal conductivity measurements on thin-film grown on substrates may provide a bet-
ter platform since they are better studied and thermoreflectance measurement techniques
can be used to validate the findings. Considerations on the ability to fabricate specified
layer thicknesses while preserving control over surface properties would need to be kept
in mind and typical read-out models from experiments that ignore phonon coupling may
need to be improved in order to quantitatively validate the predictions. Concurrently, a
sequence of samples with different layer spacings may be utilized to qualitatively validate
the predictions presented in this thesis.
7.2.3 Coherent Phonons and their Impact on Thermal Transport
The modulations of thermal transport in this thesis have stemmed from changes in trans-
port properties of phonons that are uncorrelated with their phase, i.e. by considering the
particle like behavior of phonons in the form of their mean-free-paths. However, under
certain conditions, it is possible for phonons to exhibit coherent interference phenomenon
which can manipulate their heat carrying ability by changing the phonon dispersion rela-
tions, thereby altering the phonon group velocities and density of states [54, 65]. We esti-
mated the potential impact of such coherent behavior in the form of quantum confinement
in thin-films by extracting information from thermal spectra in this thesis. However, in or-
der to provide rigorous calculations further research is needed to account for these changes
within a thermal transport model. In particular, the cross-plane transport in superlattices
has been shown to be influenced by coherent interference of phonons [64]. The presence of
smooth surfaces that avoids diffuse scattering favors such coherent interference of phonons
[54, 65] allowing the phonons to traverse multiple interfaces. Furthermore, thermal spectra
can be tuned so that phonons with lower frequencies and longer mean-free-paths dominate
thermal transport, allowing for coherent effects to be strongly expressed. Coherent mod-
ifications to phonon transport coupled with the transport models developed in this thesis
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would encompass the possible scope of modulating thermal transport via nanostructuring
in semiconductors.
These are just a few of the possibilities that could present exciting avenues for research.
As the understanding of phonon transport and the ability to engineer novel nanostructures
continues to evolve, it is our hope that this thesis will provide a firm foundation for future





COMPARISON OF ACOUSTIC PHONON RELAXATION RATES IN SILICON
The accurate establishment of the bulk phonon relaxation times is an active research
area involving experimental techniques and theoretical models ranging from first-principle
to phenomenological approaches [16, 19, 56, 66, 67]. Although initial theory assumed bulk
relaxation times to be constant (i.e. frequency independent) the necessity for frequency-
dependent times was realized and incorporated in the theoretical models. In recent years,
first-principle approaches based on density-functional-theory (DFT) have provided theo-
retical predictions for the frequency-dependence of the bulk phonon relaxation times in a
variety of materials including Silicon [19]. In this thesis, we use expressions obtained by
assuming a ω−2 and ω−4 dependence of relaxation times by Umklapp scattering and iso-
tope scattering effects, respectively [13]. Optical modes are neglected, as owing to their
low group velocities their contribution to thermal conductivity is low [145].
The phonon relaxation times for bulk silicon at room temperature from various ap-
proaches are plotted in Figures A.1 and A.2. Overall, the different approaches yield the
same range of relaxation times. The results show that models obtained by different ap-
proaches vary at very low frequencies, however it is important to note that low frequency
phonons are non-dominant heat carriers in Si at room temperatures. The close agreement
between the results from the approach used in this thesis (taken from Ref. [13]) and DFT
calculations [19, 146] especially for the transverse branch (dominant for heat transport) is
noteworthy.
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Figure A.1: Relaxation times for longitudinal acoustic (LA) phonons in bulk Silicon at 300 K.
Figure A.2: Relaxation times for transverse acoustic (TA) phonons in bulk Silicon at 300 K.
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APPENDIX B
NUMERICAL CALCULATIONS OF SHADOWING FUNCTION
A numerical calculation of shadowing function S(θ, ϕ) i.e. Equation (2.17) is shown in
Figure B.1. The plots are presented for two different cases: L = 5η (filled symbol) and L
= 10η (open symbol). For smaller correlation lengths, the shadowing function approaches
a lower value compared to a larger correlation length. This is intuitive and follows the
previous discussion that a higher correlation length indicates a more continuous surface
with lower number of sharp peaks and valleys, thus, reducing the number of points being
shadowed. For incident angles close to the normal, a higher value of shadowing function is
achieved, which is reasonable as the ability of a point to shadow a surface is negligible for
small angles of incidence. It can also be seen in the case of higher correlation length, the
value of shadowing quickly approaches unity for all incident angles less than 70◦. Note that
the shadowing function used for calculations in our heat transport model is a subset of the
general function presented. The locus generated by joining the points lying on the curves
for which incident angles and observation angles are taken to be equal would provide the
required shadowing function for the specular direction S(θ, ϕ = θ).
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Figure B.1: Bistatic shadowing function calculated for four representative incident angles and ob-
servation angles between 0 and π/2 radians. Open and filled symbols represent a surface correlation
length L = 10η and L = 5η, respectively.
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